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In this paper we define and study the Julia set and the Fatou set of an arbitrary polynomial f ,
which is defined on the closed complex plane and whose degree is at least two. We are especially
interested in the structure of these sets and in approximating the size of the Julia set.
First, we define the Julia and Fatou sets by using the concepts of normal families and equicon-
tinuity. Then we move on to proving many of the essential facts concerning these sets, laying
foundations for the main theorems of this paper presented in the fifth chapter. By the end of this
chapter we achieve quite a good understanding of the basic structure of the Julia set and the Fatou
set of an arbitrary polynomial f .
In the fourth chapter we introduce the Hausdorff measure and dimension along with some
theorems regarding them. In this chapter we also say more about fractals and self-similar sets, for
example the Cantor set and the Koch curve. The main goal of this chapter is to prove a well-known
result which allows to easily determine the Hausdorff dimension of any self-similar set that fulfills
certain conditions. We end this chapter by calculating the Hausdorff dimension of the one-third
Cantor set and the Koch-curve by using the result described earlier and notice, that their Hausdorff
dimension is not integer-valued.
In the fifth chapter we study the structure of the Julia set further, concentrating on its
connectedness, and introduce the Mandelbrot set. In this chapter we also prove the three main
theorems of this paper. First we show a sufficient condition for the Julia set of a polynomial to
be totally disconnected. This result, with some theorems proven in the third chapter, shows that
in this case the Julia set is a Cantor-like set. The second result shows when the Julia set of a
quadratic polynomial of the form f(z) = z2 + c is a Jordan curve. The third and final result shows
that given an arbitrary polynomial f , there exists a lower bound for the Hausdorff dimension of
the Julia set of the polynomial f , which depends on the polynomial f . This is the most important
result of this paper.
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31 Introduction
In this paper we will mainly concentrate on the Julia sets of polynomials and try to estimate their
Hausdorff dimension. We will start by introducing some basic tools from complex analysis that
are needed through this paper in the second chapter.
In the third chapter the theory of polynomial iteration on the complex sphere will be presented
along with some basic definitions that will be used in this paper. We will then proceed to study
how the points of the complex sphere behave under iterations of a polynomial and use this to de-
fine the Julia set and the Fatou set of a polynomial. We will then proceed to take a closer look at
these sets and prove some of their properties.
In the fourth chapter we will give the definition of the Hausdorff measure and the Hausdorff di-
mension. We will also prove some of their properties, and in the end of the chapter give some ways
to calculate the Hausdorff dimensions of some specific families of sets. In this chapter we will also
discuss fractals and introduce an important concept of self-similarity concentrating mainly on its
relation to the Hausdorff measure and dimension.
In the fifth chapter we will present the main results of this paper. We will start by looking
at when the Julia set is totally disconnected and when it is a Jordan curve by studying what
the behavior of the critical points tell us about the structure of the Julia set. In this chapter
we will also introduce the Mandelbrot set, which will be related to a special subset of the Ju-
lia sets. We will then proceed to give an estimate for the Hausdorff dimension of the Julia
set.
The study of the Julia set and the Fatou set started in early 20th century and was one of the
starting points to the field of complex dynamics. The Julia set and the Fatou set are named af-
ter French mathematicians Gaston Julia and Pierre Fatou who were some of the first to study
this field. Julia published a paper regarding the Julia set in 1918, and it is supposed that he was
drawn to these studies by a paper from 1879 written by Arthur Cayley concerning the basins of
attraction, which we will define later, of polynomial f (z) = z3 + c. Julia was awarded largely
due to this paper the Grand Prix de l’Académie des sciences. Fatou had published his work con-
cerning complex iterations a year earlier in 1917. Also a great contribution to this field of study
was due to Benoit Mandelbrot who continued Julia’s work. The Mandelbrot set, which is in a
close relation to the Julia set, was named after him. Also the study of fractals was getting in-
terest at the 20th century. Although there were many fractals studied before that, for example
the Cantor set or the Weierstrass function, they were not studied as a group with some usual
properties, but rather as individual examples of strange and pathological sets. The fact that these
sets have some common properties and they should be studied as a group came on 20th cen-
tury.
Nowadays complex dynamics is under active research, but there are still many important open
questions left, for example, the structure of the Mandelbrot set is not yet completely under-
stood.
The Hausdorff measure and the Hausdorff dimension were defined by Felix Hausdorff in 1918.
They are the most used measure and definition for dimension when dealing with fractals as normal
topological dimension is not sufficient. In some sense it could be said that the Hausdorff dimen-
sion is more refined than the usual topological dimension and can make a difference between sets
that have the same topological dimension.
42 Basic tools from complex analysis
We will first briefly introduce some complex analytic results. We shall present these results in a
generality that is sufficient for our needs, and we will omit the proofs of these results. We recom-
mend an interested reader to consult the literature of complex analysis, for example [AH] or [R]
for proofs of basic results in the field. For more involved results we will give a reference for the
proof.
Theorem 2.1. Analytic bijection and local invertibility
Let h be analytic in a domain D ⊂ C and assume that h′(z0) 6= 0 for some z0 ∈ D. Then there
exists a neighborhood V of z0 such that h is analytic bijection in V , and thus h is conformal in V .
Additionally h has a local inverse at the point h(z0). This means that there exists some neighbor-
hood U of h(z0) such that we can define an analytic branch of h−1 in it, such that it maps U to
some neighborhood of z0.
Definition 2.1. Spherical metric
Let us identify the complex plane with the plane R2 and embed it to the R3 in canonical way.
Now let there be a unit diameter ball, denoted by S2, such that one point lies on the origin of the
complex plane and another point lies at the point (0,0,1). We identify every point of the complex
plane with a point in S2 using the stereographic projection, meaning that for every point z ∈ C
we draw a straight line L from the point (0,0,1) to z and identify z with a point on S2, defined as
L∩S2 \ (0,0,1), and set that ∞= (0,0,1). It is clear that by this definition we get a bijection from
C∪{∞} to S2. We will refer to this as the closed complex plane and denote it by C¯. We define the
spherical distance of two points on the complex plane as the distance between the image points of
the stereographic projection on the S2. Rigorously defined as follows, let x,z ∈ C, then
d(x,z) =
| z− x |√
(1+ | z |2)(1+ | x |2)
and if x=∞, then d(∞,z) =
1√
1+ | z |2 . When we speak about equicontinuity in the definition of
the Fatou set and the Julia set we mean it with respect to the spherical metric.
Definition 2.2. Normal family
Let {hn} be a family of continuous functions which are mappings from a domain D ⊂ C¯ to the
closed complex plane. We say {hn} is normal if every sequence of members of {hn} contains a
subsequence hk that converges uniformly on compact subsets of the domain D to some continuous
function from the domain D to the closed complex plane.
Since we are interested in families of polynomial functions, which are analytic functions we addi-
tionally know that the locally uniform convergence on any domain D′ ⊂ C happens in fact either
to an analytic function on D′ or towards the point infinity.
Definition 2.3. Equicontinuity
5Family of continuous functions hn is equicontinuous at a point z ∈ C¯, if for every ε > 0 there
exists δ such that
| hn(x)−hn(z) |< ε
for every n and for every x ∈ B(z,δ). The family {hn} is equicontinuous in some domain if it is
equicontinuous in every point of that domain.
Theorem 2.2. Arzela–Ascoli theorem
The Arzela–Ascoli theorem states that a family of analytic functions is normal on a domain D⊂ C¯
if and only if it is equicontinuous on D with respect to the spherical metric. For a proof see for
example [AH] starting on the page 222.
Theorem 2.3.
Let {hn} be a family of analytic functions defined on a domain D ⊂ C. Then if there are two
distinct points z,x ∈C such that all hn omit these values in D, then the family {hn} is normal on D.
This result is referred to as the fundamental normality test and the proof can be found for example
in [S] starting on the page 54.
By writing the above theorem in a slightly different way we obtain the following theorem which
is a very useful tool for studying complex dynamics.
Theorem 2.4. Montel’s theorem
We will give two formulations for the Montel’s theorem. We shall proof the second one using
the Arzela-Ascoli theorem 2.2.
First formulation: Assume that a family {hn} of analytic functions is not normal on a domain
D of complex plane. Then there exists a point z ∈ D and for every neighborhood of that point
z, denoted by Bz, the set ∪∞n=1hn(Bz) is the whole complex plane except maybe for one single
point.
Second formulation: Let {hn} be a family of analytic functions. If the family {hn} is locally
bounded on a domain D ⊂ C, meaning that for every z ∈ D there is a real number M such that
| hn(x) |<M for every n and for every x in some neighborhood of z, then the family {hn} is normal
on the domain D.
Proof: Due to the Arzela-Ascoli theorem 2.2, it is enough to show that a locally bounded fam-
ily {hn} is equicontinuous at every point of the domain D with respect to the spherical metric.
But since for every point z ∈ C we can choose some neighborhood where the normal Euclidean
metric is equivalent to the spherical metric it is enough to show equicontinuity with respect to
the Euclidean metric. Choose an arbitrary z ∈ D and an arbitrary ε > 0. Now as {hn} is locally
bounded we have a neighborhood B(z,2r) of z such that B¯(z,2r)⊂D and a bound M > 0 such that
| hn(x) |≤M for all x ∈ B¯(z,2r) and for all natural numbers n.
Next we use the Cauchy integral formula to obtain for all hn and all x,y ∈ B(z,2r), that
hn(x)−hn(y) = 12pii
∫
∂ B(z,2r)
(
hn(θ)
θ− x −
hn(θ)
θ− y
)
dθ=
1
2pii
∫
∂ B(z,2r)
(
(x− y) ·hn(θ)
(θ− x)(θ− y)
)
dθ
6Now if we restrict to x,y ∈ B(z,r), we have estimate | (θ− y) · (θ− x) |> r2. From this we get,
used in to the above integral, that
| hn(x)−hn(y) |≤
2· | x− y | ·supz∈∂B(z,2r) | hn(z) |
r
≤ | x− y | ·2M
r
where M was the upper bound for functions hn in a neighborhood B(z,2r). Then we choose
δ= min{r, ε · r
4M
},
and see that for every ε we can choose δ as above, and equation
| hn(x)−hn(z) |< ε
will hold for all integers n. Hence the family {hn} is equicontinuous in a neighborhood B(z,δ)
and thus it is normal in the point z due to the Arzela-Ascoli theorem 2.2. As z was an arbitrary
point in D, we have that the family {hn} is equicontinuous in the whole D. Thus the proof is
completed.
Next we will give another formulation for Montel’s theorem 2.4 using the spherical metric.
Theorem 2.5.
Let {hn} be a family of analytic maps on a domain D⊂ C¯. Assume that there exists a constant m
and for each hn three points an,bn,cn such that hn does not obtain these values on D and that the
minimal distance between these points is greater than m with respect to the spherical metric. Then
the family {hn} is normal on D. For the proof see [B] theorem 3.3.5.
Theorem 2.6. Vitali’s theorem
Suppose that the family {hn} of analytic functions is normal on a domain D ⊂ C and assume
that hn converges pointwise to some function h on some non-empty open set U ⊂ D. Then h can
be extended to an analytic mapping from the whole D and hn→ h locally uniformly on D. For the
proof see [B] theorem 3.3.3.
Lemma 2.1. Lipschitz condition
Let f be a polynomial. Then it satisfies the Lipschitz condition d( f (z), f (x)) ≤ M · d(z,x) with
respect to the spherical metric, for some constant M > 0, and arbitrary z, x in the C¯. For the proof
see [B] theorem 2.3.1.
Definition 2.4. Möbius mapping
A Möbius mapping is a rational mapping from the closed complex plane to itself of form
f (z) =
az+b
cz+d
where a,b,c,d satisfy ad−bc 6= 0.
7Definition 2.5. Valency
Let g be a function that is analytic at a point z ∈ C and assume that it is non-constant at the
neighborhood of z. Then g can be written as a Taylor expansion in a neighborhood of the point z.
So we obtain that g(x) = a0+ak(x− z)k+ak+1(x− z)k+1+ · · · , where ak 6= 0 and x ∈ B(z,r) with
some positive radius r. Its valency, denoted vg(z) at the point z is the integer k, which can also be
defined as the unique integer such that the limit
lim
x→z
g(x)−g(z)
(z− x)k
exists, is finite and non-zero. We notice that for points z at which the derivative is not zero the
valency is one. For critical points the valency is strictly greater than one.
Valency can also be defined as the number of solutions of the equation g(x) = g(z) at the point z.
For a polynomial f (z) = anzn+an−1zn−1+ · · ·+a0 the valency can be defined at the point ∞ using
the Möbius mapping
1
z
as follows, v f (∞) = vh(0) where h(z) =
1
f (1/z)
. Calculating this for an
arbitrary polynomial f with deg f > 1 we obtain that
1
f (1/z)
=
zn
an+ · · ·+a0zn . Using the defi-
nition of valency it is clear that vh(0) = n, so v f (∞) = deg f . The valency satisfies the following
equation for polynomials,
∑
z∈C¯
(vg(z)−1) = 2deg(g)−2
see [B] page 43. We will next define the deficiency at a point z using the valency. We will denote
deficiency by δ and define δg(z) = vg(z)−1.
Theorem 2.7. Argument principle
Let g be a meromorphic function on the closure of some simply connected domain, denoted as
D. This means that it is holomorphic in some neighborhood of the closure of D except for a set
of isolated points, on which the g has a pole. Additionally we assume that it does not have any
zeros or poles on the boundary of D, denoted as C and that the set C is smooth enough so that the
integral over it can be defined. Then we have that∫
C
g′(x)
g(x)
dx= 2pii · (N−P)
where N is the number of zeros on the interior of D and P is the number of poles, both counted by
multiplicity.
Theorem 2.8. The Hurwitz theorem
Let D be an open subset of the complex plane and let {hn} be a sequence of analytic functions
on D, such that {hn} converges uniformly on compact subsets of D to an analytic function g.
Let B(z0,r) be any disc such that its closure is contained in D and assume that the function g
has no zeros on the boundary of our arbitrary disc B(z0,r). Then there exists some integer k
such that for any hn, such that n > k, the functions hn and g have the same number of zeros in
B(z0,r).
8Theorem 2.9. The Lebesgue covering theorem
Let X be a compact subset of a metric space and family {Ui : i ∈ I} its open cover. Then there
exists a positive number θ such that for all sets U ⊂ X with a diameter smaller than θ there exist
some i ∈ I such that U ⊂Ui.
Theorem 2.10. Monodromy theorem
Let g be analytic on the disc B and let there be a simply connected domain U such that B ⊂U .
Then if it holds that for every point z ∈U the function g can be analytically continued through a
chain of discs from B to some neighborhood of z, then there exists a unique analytic continuation
of g from B to the whole set U .
93 Basic properties concerning iteration of polynomials and the Julia set
In this section we will define the Julia set and the Fatou set and prove some of their basic proper-
ties. Mostly we follow Alan Beardon’s book [B], which considers rational mapping from closed
complex plane to itself. As we restrict to the polynomials, there are some slight changes in some
proofs. In addition to Beardon’s book this chapter has also been influenced by [AS], [CG] , [F]
and [R].
Let us first give some main definitions concerning polynomial maps, of form f (z) = anzn +
an−1zn−1 + · · ·+ a0, used in this paper. Let f be a polynomial from C¯→ C¯ such that deg f > 1.
In this section f will always denote such polynomial. We will denote the n:th iteration of f (z) by
f (n)(z), meaning f n(z) = f ( f (n−1)(z)), and of course define f 0(z) = z for every z ∈ C¯. We call
a point z a fixed point if f (z) = z and a critical point if f ′(z) = 0. Clearly there are deg f finite
fixed points, as equation f (z) = z has always deg f solutions and deg f − 1 finite critical points,
as equation f ′(z) = 0 has deg f −1 solutions, counting multiplicity in both cases. We classify the
finite fixed points in the following way
1. If | f ′(z) |= 0 we call the point z a super-attracting fixed point.
2. If | f ′(z) |< 1 we call the point z an attracting fixed point.
3. If | f ′(z) |= 1 we call the point z an indifferent fixed point.
4. If | f ′(z) |> 1 we call the point z a repelling fixed point.
Additionally we classify the point infinity by evaluating the derivative of the function S : z→
1
f (1/z)
at the origin. Computing this for polynomial f gives that S′(0) = 0 and hence the point ∞
is a super attracting fixed point, since f (∞) = ∞ clearly holds.
We call a point z a periodic point if f n(z) = z for some n ∈ N. The smallest natural number n
satisfying this equation is called the period of z. Notice that if z is a periodic point with the pe-
riod n, then also f k(z) is a periodic point with the period of n for every positive integer k. For a
periodic point z with the period n we call the sequence z, f (z), ..., f n−1(z) the cycle of z. Clearly
the cycle is the same for any starting point, and sometimes we will use shortened notation for the
cycle z,z1, ...,zn−2,zn−1 . Periodic point z of the period n can be thought as a fixed point of the
function f n. We would like to classify the periodic points as we have classified the finite fixed
points above, but we have to make sure that the derivative does not depend on a choice of a point
in the cycle.
For proving this, we must first notice that using the chain rule gives us
( f n)′(z) =
k=n−1
∏
k=0
f ′( f k(z))
When we apply this to the case when z forms the cycle of the period n we get
( f n)′( f j(z)) =
k=n−1
∏
k=0
f ′( f k(z))
showing that the derivative is independent of a choice of a representative in the cycle. Now we
can classify cycles as we classified the fixed points.
Point z is called a pre-periodic point if it is not periodic under iterations of f but some iteration of
it is. For example 1 is a pre-periodic point for the polynomial f (z) = z2−1, as f (1) = 12−1 = 0,
f 2(1) = f ( f (1)) = f (0) = 02− 1 = −1, and similarly f 3(1) = 0. From this we easily see that
points 0,−1 form a cycle of a period 2 under iteration of f .
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Definition 3.1. Conjugacy
We say that two polynomials f and g are conjugate if there exists a Möbius mapping h such
that f = h◦g◦h−1.
Conjugation respects fixed points, meaning that if f = h ◦ g ◦ h−1, then h(z) is a fixed point of f ,
if and only if z is a fixed point of g. It is also clear that f n = h◦gn ◦h−1 as can easily be seen by
induction, since f n+1 = h◦gn ◦h−1 ◦h◦g◦h−1 = h◦gn+1 ◦h−1.
Definition 3.2. Invariance
Let g : C¯→ C¯ be a function and D some subset of C¯. Set D is forward invariant under g if
g(D) = D, and backwards invariant if g−1(D) = D. Set D is completely invariant under g if it is
both forward and backward invariant. We notice that if D is completely invariant set with respect
to g, then also D is completely invariant with respect to gk for any integer k.
Definition 3.3. Attractors, basins of attraction and repellers
Let G be a closed subset of C¯. We call the set G an attractor for f , if G is forward invariant under f
and there is some open setV such that G⊂V and that for every z∈V holds limk→∞ d( f k(z),G)= 0.
In addition we demand that G is minimal, meaning that there is no closed subset of G with the
same properties.
The maximal V is called a basin of attraction of G. We will denote the basin of attraction as
A(G), and it consists of points converging to G. When we speak of the immediate basin of at-
traction we mean the union of those components of A(G) that contain some point from the set
G.
We classified the point infinity as an attractive fixed point for polynomials, and hence we can next
assume that G⊂ C.
Let G ⊂ C be a closed and forward invariant set. The set G is a repeller if there exist constants
ε > 0, δ > 0 such that all points x /∈ G within the distance of δ from the set G are repelled under
some iterate of f to at least the distance of ε from G. Note that after a point z has been repelled to
the distance of ε from the set G it can return to the vicinity of the set G or even be mapped to the
set G itself.
Here the distance between an arbitrary point v and the set G is defined in a usual way, the infimum
between all distances of point v to all points w ∈ G. In literature there are different definitions for
repellers, but this one is used in this paper.
If we look at the function f : C¯→ C¯, f (z) = z2, we have the origin and the point infinity as
attractors and for example the boundary of the unit disc centered at the origin as repeller. More
generally attracting or super-attracting fixed points of a polynomial f are always attractors for
f and repelling fixed points are repellers. This follows by studying the iterations of f in some
small neighborhood of these points and remembering that the derivative is a continuous func-
tion.
Next we will first give some intuitive idea about the Fatou set and the Julia set and after this
define them rigorously. We denote the Fatou set of a function f by F( f ) and the Julia set by J( f ).
Sometimes we will use a shorter notation and denote F and J respectively.
The Fatou set is the set under which function f behaves in a stable manner. This means that for
every z ∈ F( f ) there exists a neighborhood of z in which all points act nearly in the same manner
11
under iterations of f . The Julia set is the complement of The Fatou set, meaning that for every
point z in the Julia set and for any neighborhood of it there can be found points in that neighbor-
hood which will not act in a same manner under iterations of f .
For the simplest possible example of our intuition, let us again look at the polynomial f (z) = z2.
Now the Fatou set consists of two components: of B(0,1), where for every z we can find a neigh-
borhood where all points in that neighborhood converge to 0, and of C¯\ B¯(0,1), where for every
z we find a neighborhood where all points converge to infinity. The Julia set is the complement
of the Fatou set. So we get that the Julia set is the boundary of B(0,1), and for every point z in
the Julia set and for every neighborhood V of that point we clearly can find two points such that
another converges to 0 under iterations of f and other converges to infinity under iterations of f .
Usually the Julia set is not a standard geometrical object but a fractal, which will be discussed
later in section 4.
Rigorous definitions are given next.
Definition 3.4. The Fatou set and the Julia set of a polynomial f
We define that a point z ∈ C¯ belongs to the Fatou set if z has a neighborhood where the fam-
ily of iterate functions f n forms a normal family. The Julia set is defined as the complement of the
Fatou set. In other words it is the set of points which do not have a neighborhood where the family
{ f n} is normal.
We will next make a few important remarks following from the definition. First we notice that
due to the Arzela-Ascoli’s theorem 2.2 we could have equivalently defined that z ∈ F( f ) if the
family { f n} is equicontinuous in some neighborhood of z with respect to the spherical metric of
C¯, defined in definition 2.1.
Additionally from the definition it follows that the Fatou set is an open set, and that the Julia set
is a closed set. As we have restricted to a case where f is a polynomial J( f ) is also bounded, and
thus J( f ) is a compact set.
Boundedness can be confirmed from the fact that as f is a polynomial we can find a closed disc
D centered at the origin such that f (C¯ \D) ⊂ C¯ \D, and we can make the radius of the disc ar-
bitrary big so that for all points x ∈ C¯ \D iterations of f converge to infinity uniformly. Now it
follows from the definition of the spherical metric 2.1, and from the uniform convergence that as
we choose arbitrary points x,y ∈ C¯\D, we have that for any ε there exists an integer N such that
for all n≥ N, it holds that
d( f n(x), f n(y))≤ d( f n(x),∞)+d( f n(y),∞)< ε
And thus x has a neighborhood where the family of iterate functions { f n}, n ≥ N is equicon-
tinuous. We know that all polynomials f n are continuous and that we can add a finite family of
continuous functions to an equicontinuous family and keep it equicontinuous by choosing minimal
δ that satisfy equation
| f n(x)− f n(z) |< ε
for all functions f n, and all points z ∈ B(x,δ). Hence we have that x has a neighborhood where the
family { f n} is equicontinuous, and thus due to Arzela –Ascoli theorem 2.2 it is normal. Hence
C¯\D⊂ F( f ), since x was an arbitrary point in C¯\D. Therefore the Julia set is bounded.
If we compare our rigorous definition with our intuition we see that what we called behaving
in a stable manner is in fact just the condition of equicontinuity. We will now prove some basic
properties of the Fatou set and the Julia set.
Theorem 3.1.
The Julia set is nonempty.
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Proof: Every point x ∈ C will either converge towards infinity or stay bounded under iterations of
a polynomial f . It is clear that equation f (z) = z has always solutions in the complex plane, since
deg f > 1, and thus f always has fixed points. And clearly fixed points remain bounded under
iterations of f . On the other hand we know that for a polynomial we can always find a point z such
that iteration of z under f will converge to infinity.
Thus we have two sets which are non-empty, disjoint and whose union is the whole complex plane.
Hence they must have a non-empty boundary. In addition we know that the set of points that stay
bounded under iterations of f must be a subset of some disc D with center in the origin and some
constant radius c, which was noted in the proof of boundedness of the Julia set in remarks on def-
inition 3.4. Let y be a boundary point. From the definition of the boundary points it follows that
in any neighborhood U of y there are points that converge to infinity and points that do not. And
those points that do not converge to infinity will stay in some predefined disc D. Therefore the
family { f n} cannot be equicontinuous onU and thus it is not normal. Hence y∈ J( f ) by definition
of the Julia set and the Julia set is non-empty.
Theorem 3.2.
The Julia set and the Fatou set are completely invariant sets.
Proof: It is enough to show that the Fatou set is completely invariant under f as the Julia set
is its complement and f is mapping from C onto itself. Because f is a polynomial it is surjective
and thus it is enough to show that the Fatou set F is backwards invariant, meaning f−1(F) = F ,
since by surjectivity it holds that f ( f−1(F)) = F . And from this and the backward invariance we
get that f is also forward invariant.
To prove backward invariance we choose an arbitrary point zo ∈ f−1(F) and wo = f (z0). Hence
w0 belongs to F .
We will first prove that zo has such a neighborhood that the family { f n} is equicontinuous in it. We
know that this holds for w0 since it belongs to the Fatou set. This means that functions f n+1 form
an equicontinuous family for z0, since f maps some neighborhood of z0 to arbitrary neighborhood
of w0. Because f is continuous we can add it to the family f n+1 and obtain equicontinuous family
{ f n}. Thus we have that functions f n form normal family in z0. Hence we have shown that if
z ∈ f−1(F) then also z ∈ F . So we get that f−1(F)⊂ F .
Now we have to prove that F ⊂ f−1(F) to finish the proof. For this choose an arbitrary point z0
from F and w0 such that f (z0) = w0. Since z0 is in F , the family { f n} forms an equicontinuous
family at a point z0. We can take one function out of family and keep it equicontinuous, and we
note that { f n+1} is equicontinuous family at the point z0. Thus the family { f n} is equicontinuous
at the point w0. This can be seen as given any ε we have δ1 such that equation
| f n+1(z0)− f n+1(x) |< ε
holds for all integers n and all x∈ B(z0,δ1). From this it follows as f (z0) =w0 and f is continuous
that
| f n(w0)− f n(x) |< ε
for all integers n and for all x ∈ f (B(z0,δ1)). Hence we get that { f n} forms a equicontinuous
family for w0, as we can find some δ2 such that B(wo,δ2) ⊂ f (B(z0,δ1)), since f is analytic and
thus it is an open mapping and hence f (B(z0,δ1)) is open. Thus w0 ∈ F and z0 ∈ f−1(F). This
proves that the Fatou set is completely invariant, and hence the whole theorem.
We can easily see that the previous theorem holds for the example that we gave when f (z) = z2.
We remember that the Julia set was the boundary of the unit disc and indeed it is completely in-
variant as every point that is mapped on that set must have the modulus one and every point in that
set gets mapped to another point with modulus exactly one. In same way we see that the Fatou set
is also completely invariant, as it should be.
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Theorem 3.3.
The Julia set has an empty interior.
Proof: Assume that J contains an open non-empty set U . Because J is completely invariant
f k(U)⊂ J for all integers k. Since the setU is in the Julia set it is a neighborhood for some point z
in the Julia set, and thus functions f k do not form a normal family onU . Due to Montel’s theorem
2.4, we know that
∞⋃
k=0
f k(U)
is the whole complex plane or the whole complex plane omitting a single point c. Thus the Julia
set would be unbounded, which is a contradiction since we proved in remarks after definition 3.4
that the Julia set must be bounded for polynomials.
Definition 3.5. Exceptional points
Point z is exceptional if the completely invariant set generated by z,
∪∞n=−∞ f n{z}
is finite. Here the notation f− j{z}, j > 0, means the set {x ∈ C¯ : f j(x) = z}.
Theorem 3.4.
Let E denote the set of exceptional points in C¯. Then there are at most two points in E. If a point x
is a finite exceptional point, z is an arbitrary element of the Julia set and V its neighborhood, then
W =
⋃
f k(V ) is the whole C if x ∈V . And if x /∈V , then W =C\{x}. Additionally we will show
that this point x belongs to the Fatou set.
Proof: Assume first that the set E has k elements. Since E is finite it holds that f acts as a
permutation on E, since f can not map a point y /∈ E to E and f : C¯→ C¯ is a surjection. And
thus for some n the f n fixes every point in E. Suppose that f n has the degree d. It follows that for
every e ∈ E the equation f n(z) = e has d solutions which are all at e and hence due to the valency,
definition 2.5, we have that
k(d−1) = ∑
e∈E
(v f n(e)−1)≤ ∑
z∈C¯
(v f n(z)−1) = 2d−2
from which we get that k ≤ 2, since d ≥ 2. It is easy to see that for polynomials ∞ is always
an exceptional point and as it belongs to the Fatou set we have that there can be only one finite
exceptional point. Thus the first part is proven under an assumption that there exist only finitely
many exceptional points. We also notice that f (∞) =∞ and { f−1(∞)}= {∞}, and hence f (x) = x
and { f−1(x)}= {x}.
Let z be an arbitrary element of the Julia set and V its neighborhood. From Montel’s theorem 2.4
it follows that W =
⋃
f k(V ) is the whole complex plane omitting at most one point y. Clearly if
x /∈ V , then x /∈ ⋃ f k(V ) as {x} is completely invariant, and hence y = x. If x ∈ V , then W must
be the whole complex plane. Since if there were some point y that did not belong to W we could
choose neighborhood V ′ = V \ x for a point z, and notice that ⋃ f k(V ′) = C \ {x,y} which is a
contradiction to the Montel’s theorem. With this reasoning we can also show that there can be
only one finite exceptional point. Since if there were more we knew from the beginning of the
proof that there must be infinitely many. Hence there would be infinitely many disjoint completely
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invariant sets that consist of finitely many points by the definition of exceptional points. Thus
we can choose a point z ∈ J and finite exceptional points x,y, such that z /∈ {∪∞k=−∞ f k(x)} and
z /∈ {∪∞k=−∞ f k(y)}. Now denote the set {∪∞k=−∞ f k(x)}∪{∪∞k=−∞ f k(y)} by A. Since A is finite we
can find a neighborhood V of the point z that does not contain any points from the set A. Hence
we see that ∪∞k=0 f k(V ) does not contain any point from the set A since A is completely invariant.
But now as the set A contains at least two points this leads to a contradiction with the Montel’s
theorem.
Therefore all that is left to prove is that x /∈ J( f ). For proving this we first note that as x is com-
pletely invariant the only solution of f (z)− x = 0 must be x. Thus we have that f (z)− x =
c(z− x)n, where c is a non zero constant since f (z)− x is not identically zero. The deriva-
tive of f (z) is the same as the derivative of f (z)− x, and hence f ′(z) = nc(z− x)n−1 = 0 for
z = x, since n ≥ 2. Thus we see that x is a super-attractive fixed point and it follows that x be-
longs to the Fatou set, which will be proved later in theorem 3.12. This will then conclude the
proof.
If we look back at our example of function f (z) = z2 we notice that 0 is the only finite excep-
tional point and it is indeed a super-attracting fixed point.
Theorem 3.5.
The Julia set contains infinitely many points.
Proof: We have shown that the Julia set is closed, nonempty and completely invariant, in re-
marks on the definition 3.4, theorem 3.1 and theorem 3.2 respectively. Thus if the Julia set con-
sisted of finitely many points it would contain some exceptional point. But we have proven in
theorem 3.4 that exceptional points do not belong to the Julia set, and thus the Julia set must con-
tain infinitely many points. We will later note that in fact the Julia set must be an uncountable
set.
Theorem 3.6.
The Julia set can be defined as the minimal closed and completely invariant set that contains at
least two finite points.
Proof: We have shown in theorem 3.4 that there cannot be a completely invariant set that con-
sists of finitely many points and contains at least two finite points. Now let set E be a closed
infinite and totally invariant subset of the complex sphere that contains at least two finite points.
We know that the complement of E which we will denote by H is also completely invariant and
open. Thus each f n maps H to itself. It is clear that we can find two points a,b which be-
long to the set E such that all f n(H) omit these values, since f n(H) ⊂ H for every n. There-
fore { f n}|H forms a normal family and H ⊂ F , and hence J ⊂ E. This means that we can
define the Julia set as the minimal closed subset which is completely invariant and has at least
two finite points, since there can be only one finite exceptional point, as proven in theorem
3.4.
We will call this result the minimality property of the Julia set. For showing how convenient
result this can sometimes be we will calculate the Julia set of the polynomial f (z) = z2−2. First
we easily deduce that the inverse branches of f are g1(z) =
√
z+2, and g2(z) =−
√
z+2. We will
denote the closed interval [−2,2] by L, and notice that f (L) = L and g1(L)∪g2(L) = L. Thus L is
completely invariant set with respect to the f . As L is closed and clearly contains more than two
points we conclude that the Julia set is contained in L. We will come back to this example later in
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this section and show that the Julia set is indeed the set L.
We could of course have obtained this result straight from definition of the Julia set and the Fatou
set, but it would have required much more work and calculation even with this quite a simple
polynomial.
Proposition 3.6.
The following holds for all points z ∈ C except for an exceptional point. If V is an open set and it
is intersecting J, then we can find a natural number k such that f−k(z) intersects V .
Proof: We have proven in theorem 3.4 that if z is not an exceptional point then z ∈ f k(V ) with
some integer k. Thus at least one of the roots f−k(z) ∈V for that k.
We will now give the definitions for the orbits. We will denote the forward orbit of a point z
by O+(z) and define that O+(z) = ∪∞n=1 f n(z). In a similar manner we will denote the backward
orbit of a point z by O−(z) and define O−(z) = ∪∞n=1 f−n(z). If we speak about the orbit we mean
the union of the forward and the backward orbit, and denote O(z). We immediately notice that
the orbit is non-trivial only for finite points, as O(∞) = {∞}, since the infinity is an exceptional
point.
Theorem 3.7.
Let f be as usual a polynomial with the degree at least two. Then the following two claims hold.
1. If z is not an exceptional point, then J is contained in the closure of O−(z)
2. if z ∈ J then J is the closure of the O−(z)
Proof: We will first prove the part one. We will prove that J is contained in the closure of O−(z)
by showing that any neighborhood of any point in the Julia set contains points from O−(z). Thus
any point in the Julia set belongs to the closure of O−(z).
Let x be any point in the Julia set and let U be an arbitrary neighborhood of x. From the
proposition 3.6 we know that the point z lies in some f n(U) and thus its backward orbit does
intersect U . Now as x and U were arbitrary this shows that J is contained in the closure of
O−(z).
To prove the second part we note that as the Julia set is completely invariant and closed the closure
of O−(z) must lie in the Julia set, if z ∈ J. We know from theorem 3.4 that a point in the Julia set
cannot be an exceptional point and thus we can use the first part of theorem and obtain that the
Julia set must be contained in the closure of O−(z). And hence we have that the Julia set is the
closure of O−(z).
Proposition 3.7.
The Julia set is the same for functions f and f k for any given positive integer k.
Proof: We will show that the Fatou sets of f and f k are the same, which means that their comple-
ments are also same.
The inclusion F( f )⊂ F( f k) is clear, because every sequence of { f kn} is also a sequence of { f n}
and thus if z ∈ F( f ), then also z ∈ F( f k).
For proving inclusion in the other direction we first notice that since the polynomials satisfy the
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Lipschitz condition, lemma 2.1, we notice that { f a( f nk)} forms equicontinuous family whenever
{ f nk} forms a equicontinuous family, where a ∈ {1,2, · · ·k−1}.
From this we get that families { f nk+a} for every integer a are equicontinuous and hence nor-
mal on the same set that the family { f nk} is normal. Now assume that { f kn} is normal family
on a neighborhood of a point z. Then as we noted above every family f kn+a is normal on that
neighborhood for every integer a. Thus as we take a finite union of these normal families and
add to this set the continuous functions { f , f 2, · · · f k−1} we will obtain the family { f n} which
is normal on this neighborhood. This follows as the finite union of normal families is normal
and as we can add a finite number of continuous functions to normal family and keep it normal.
This shows that if z ∈ F( f k) then also z ∈ F( f ) and hence F( f k) ⊂ F( f ) which concludes the
proof.
Theorem 3.8.
The Julia set has no isolated points.
Proof: Let z ∈ J be an arbitrary point and let V be an arbitrary neighborhood for such z. We
must prove that there is another point in V which belongs to J. We will first study the situation in
which z is not a fixed or a periodic point.
As z is not a fixed point we know that f−1(z) cannot contain z, and thus we can choose some
z1 ∈ f−1(z) that satisfies z1 6= z. It follows that V contains a point z2 ∈ f−k(z1) for some natural
number k due to the proposition 3.5, since we know that a point z1 cannot be an exceptional point
as it is in the Julia set, due to the theorem 3.4. Point z2 belongs to the Julia set since the Julia set
is completely invariant and it cannot be z, since z was not periodic, and hence V contains another
point of the Julia set in addition to z.
Next we will consider that z is a fixed point. If f (z) = z and { f−1(z)} = {z}, we would have
that z is an exceptional point and we have shown in theorem 3.4 that exceptional points belong to
the Fatou set. Thus f (v)− z = 0 must have some solution x where x 6= z. Therefore we obtain
from proposition 3.6 that f−k(x) intersects V for some integer k, where V is again an arbitrary
neighborhood of z. This point belongs to the Julia set because of total invariance of the Julia set
and it cannot be z as f k(z) = z 6= x.
To end the proof we will study a case when z is a periodic point. This can be reduced back to the
previous case by noticing that z is a fixed point for the polynomial f n where n is the period of z.
This can be done since J( f ) is the same as J( f k) for any integer k by the proposition 3.7. Thus we
have covered all the cases for a point z and the proof is complete.
Corollary 3.1.
The Julia set is a perfect set.
Proof: We have proven that the Julia set is nonempty, closed and has no isolated points. Thus
it is perfect. Due to the Baire’s category theorem we can say that the Julia set must be an uncount-
able set. Statement and proof of the Baire’s category theorem can be found for example in [R]
starting on the page 97.
Theorem 3.9.
Let U be any open non-empty set that intersects the Julia set. Then we have that for any suffi-
ciently large integer n it holds that J ⊂ f n(U).
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Proof: We can assume that the Julia set is not contained in U , since if it is the claim is trivial
due to the complete invariance of the Julia set.
We take three open subsets of the set U , denoted by U1,U2,U3, each intersecting J and at a pos-
itive distance apart from each other, using the spherical metric. This can be done since the Julia
set is perfect. First we will show that for each j ∈ {1,2,3}, some forward image of U j covers
some Uk. this means that for every j there are some integers k ∈ {1,2,3} and n > 0 such that
Uk ⊂ f n(U j).
Suppose this is not true. Then for some j and every n the function f n|U j fails to cover any of the
sets U1,U2,U3 and we can find three points, one from each set, such that f n|U j does not cover
them. Therefore by theorem 2.5 we have that the family { f n} is normal on the set U j, which is
a contradiction as U j is a neighborhood of a point belonging to the Julia set. Thus Uk ⊂ f n(U j)
holds for every j, for some constants k, n.
We will denote any such k by pi( j), and notice that pi maps set (1,2,3) to itself and hence
some iterate of pi has a fixed point. This means that for some j and for some n1 it holds that
U j ⊂ f n1(U j).
Now the sequence of f n1m(U j) is increasing with m. We know from theorem 3.4 that∪∞m=0 f n1m(U j)
is the whole complex plane omitting maybe a single point x which does not belong to the Julia
set of the polynomial f n1 . And hence due to the proposition 3.7 it does not belong to the Ju-
lia set of the polynomial f either. Thus the sets f n1m(U j) form an increasing open cover for
the Julia set, which is compact. From this it follows that a finite union of such sets covers the
Julia set, and as the sets f n1m(U j) were increasing it follows that in fact one of them covers J.
Let n2 be the first integer for which f n1m(U j) covers the Julia set. Now for every n∗ > n2 it
holds that f n
∗
(U j) = f n
∗−n2( f n2(U j)) and since f n2(U j) contains the Julia set and the Julia set
is completely invariant we notice that J ⊂ f n∗(U j) for every n∗ > n2. And since we chose that
U j ⊂U this proves the claim, as J ⊂ f n∗(U j)⊂ f n∗(U) with all integers n∗ > n2 for some integer
n2.
Theorem 3.10.
The Julia set contains the closure of the set of repelling periodic points.
Proof: Let z ∈ C be an arbitrary periodic repelling point. Then f k(z) = z for some k, where k
is the period of z. Let us study the polynomial g= f k. As we have shown before in the proposition
3.7 the Julia set is the same for both f and f k, and clearly z is a fixed point for g, and by assump-
tions | g′(z) |> 1.
Now assume that {gn} is normal family in a neighborhood of z. By definition of normality,
definition 2.2, we would have some open and bounded neighborhood V ⊂ C of z such that any
subsequence of {gn} has a subsequence {gni} that converges locally uniformly towards some con-
tinuous function h in it. Function h can not be the constant function ∞ in V since gn(z) = z for
any n, and since all polynomials gn are analytic functions the function h must be analytic. From
the uniform convergence of gni on compact subsets of the set V to the function h and from the
Cauchy integration theorem we know that the derivatives must also converge. Hence we get that
h′(z) = limi→∞(gni)′(z). But using the chain rule we obtain that | (gni)′(z) |=| (g′(z))ni |→ ∞ as
i→ ∞. This is a contradiction, since function h was supposed to be analytic and proves that
the point z must belong to the Julia set. We have noticed before that the Julia set is closed, so
as the set of repelling points belongs to the Julia set so does its closure, which completes the
proof.
Theorem 3.11.
There is a periodic point in any neighborhood of any point in the Julia set.
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Proof: Let V be an arbitrary open set such that V ∩ J( f ) 6= /0. Then choose a point z ∈ V ∩ J( f ),
such that z is not a fixed point, and that it is not an image of a critical point. Because there is only
a finite amount of fixed points or critical points and because the Julia set is perfect we can always
find such z. Now, since z is not an image of a critical point, we can find a branch f−1, that is
analytic function from U → C\U , where U is some small neighborhood of the point z. Thus we
can define the family of analytic functions
gk(x) =
f k(x)− x
f−1(x)− x
for x ∈ U . Family {gk} cannot be normal, since { f k} is not normal by the definition of the
Julia set. Hence by the Montel’s theorem gk must obtain value 0 or 1 for some integer k and
x ∈U .
In the first case we have f k(x) = x, and in the second f k(x)−x= f−1(x)−x⇔ f k(x) = f−1(x)⇔
f k+1(x) = x. Thus we have shown that there is a periodic point in any neighborhood of z ∈
J( f ).
From this it clearly follows that there must be infinitely many periodic points, and this means
that there must be infinitely many cycles.
Corollary 3.2.
The Julia set is the closure of the set of periodic repelling points.
proof: It is a known fact that there can be only a finite amount of attracting or indifferent cy-
cles and we will later give a proof for the number of the attractive cycles. Thus because the Julia
set is a perfect set and the above theorem holds we get that repelling periodic points are dense in
the Julia set and hence the Julia set is the closure of repelling periodic points as they all belong in
the Julia set. The proof for the statement considering number of indifferent cycles can be found in
[B] theorem 9.6.1.
Theorem 3.12.
Attracting fixed points lie in the Fatou set.
Proof: We know that the point ∞ lies in the Fatou set, so we need to show the claim for attracting
finite fixed points. First we will prove that there is a small disc around the attracting finite fixed
point z, such that f is forward invariant in that disc. From that we can deduce that the family { f n}
is uniformly bounded on that disc.
Because the point z is an attracting fixed point we know that | f ′(z) |< 1. Thus there exists α< 1
and a disc D centered at z, such that | f (x)− z |=| f (x)− f (z) |≤ α | x− z |, where x ∈ D is
an arbitrary point. Therefore it holds that f n(D) ⊂ D for any integer n. Hence Montel’s the-
orem 2.4 gives that { f n} forms a normal family in D, giving that z must belong to the Fatou
set.
Additionally continuing from the above proof by noticing that for every point x ∈ D it holds
that limn→∞ f n(x) = z and using the theorem 2.6 we obtain that the family { f n} converges lo-
cally uniformly towards z on the set Fz, where Fz is the component of the Fatou set that contains
the point z. Thus we obtain that Fz ⊂ A(z), where A(z) is the basin of attraction of the point
z.
Corollary 3.3.
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Attracting periodic points belong to the Fatou set.
Let z be a periodic point with the period n and denote the cycle generated by z as Cz. We have
shown before in the proposition 3.7 that the Fatou set of polynomials f and f k are the same for
every integer k. Thus we can use the previous result as we study the function g = f n for which z
is an attractive fixed point.
Clearly this can be applied to every point of the cycle Cz since the derivative is the same for every
point in that cycle, with respect to the function g. So every attracting cycle has a basin of attrac-
tion A(Cz). We defined the immediate basin of attraction denoted by A∗(Cz) in the following way,
A∗(Cz) = A(Cz)∩F∗z ( f ), where F∗z ( f ) is the union of components of the Fatou set that contain a
point fromCz. Clearly by definition the immediate basin of attraction is a subspace of the basin of
attraction.
Theorem 3.13.
If there exists a periodic attracting point in any given component of the Fatou set, then there can
not be any other periodic points in that component.
Proof: Let F0 be a component of the Fatou set and assume it contains an attracting periodic point
z and some other periodic point x, with periods n,m respectively. Replacing f with f nm both z
and x become fixed points but the Fatou set does not change, F( f ) = F( f nm) by the proposition
3.7.
Then we notice that f nmk(x)→ z as k → ∞, and thus only way that x can be a fixed point is
x = z. The convergence can be seen from the proof of the theorem 3.12, where we obtained that
F0 ⊂ A(z), where A(z) is the basin of attraction of the point z with respect to the function f nm. And
since x ∈ F0 it follows that x ∈ A(z).
Theorem 3.14.
Let F0 be a completely invariant component of F( f ). Then it holds that
1. ∂ (F0) = J( f )
2. F0 is either a simply connected or infinitely connected
3. If there exists other components of F( f ) they are simply connected
4. F0 is simply connected if and only if J( f ) is connected
Proof of 1: We will first show that as F0 is completely invariant its closure F¯0( f ) is also completely
invariant. To prove this we will first show forward invariance.
Since f is continuous we know that for any x ∈ F¯0 it holds that f (x) = limk→∞ f (zk), where zk ∈ F0
for all k and zk→ x. As F0 is forward invariant we have that all f (zk) ∈ F0 and thus the f (x) must
belong to the closure of the F0. We notice that for every point z in the closure there is some point
that is mapped on it by studying some inverse images f−1(z j) and using the fact that if z j → z,
then f−1(z j)→ f−1(z). The proof for the backward invariance is now identical to the proof for
the forward invariance since for every j the point z j ∈ F0, and hence f−1(z j) lies in the component
F0 due to complete invariance.
We can use this with the minimality property of the Julia set, theorem 3.6, and obtain that J( f )⊂
F¯0( f ), since F¯0( f ) is closed, completely invariant and has more than two points. As the Julia set
is disjoint from F0 and since all the boundary points of F( f ) belong to the Julia set we have that
J( f ) = ∂ (F0).
Proof of 2: We assume that F0 is a completely invariant component with some finite connec-
tivity m, and denote the components of the complement of F0 byC1, ...,Cm. We will first prove the
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result which states that there is an integer n such that each component C j is completely invariant
under f n.
As Fo is completely invariant its complement is also completely invariant, so the f is mapping
from the complement of Fo to itself. As each Ci is connected and f is continuous we have that
f (Ci) is connected for all i. Thus f induces a map τ of {1,2, ...m} into itself defined by τ(i) = j,
where f (Ci) ⊂C j. This is well defined since f is continuous it must map all elements from one
component to the same component as the components Ck are disjoint. Since f is surjective the
mapping τ is surjective and hence τ is permutation of {1,2, ...m}. Hence τ has finite order, de-
noted by m and thus for all i it holds that fm(Ci) = Ci, so each Ci is completely invariant under
fm.
Now as J( f ) = J( f n) is infinite we obtain that one of the components C j, denote as C1 is infinite
and that the minimality of J( f n) implies that it lies in C1. But from the 1 part we know that each
C j meets J( f ) = J( f n) and thus m= 1.
Proof of 3 : The set J( f )∪ F0 is just the closure of F0 and hence connected as F0 is. Basic
topological arguments concerning connectedness give that each component of the complement
must be simply connected.
Proof of 4: From the point 1 we notice that J( f ) = ∂ (F0) and now the simple topological ar-
gument gives that F0 is simply connected if and only if its boundary is connected.
Corollary 3.4.
The Julia set is the boundary of the unbounded component of the Fatou set.
Proof: With the above theorem it is enough to show that the component of the Fatou set that
contains the point ∞, which we call the unbounded component of the Fatou set and denote by
F∞, is completely invariant. Due to the surjectivity it is enough to show that F∞ is backward
invariant. First note that since f (∞) = ∞ it is clear that f (F∞) ⊂ F∞. Now let z ∈ f−1(F∞) be
arbitrary. Due to the complete invariance of the Fatou set it holds that z ∈ F1, where F1 is some
component of the Fatou set and f (F1) ⊂ F∞. Assume that f (F1) 6= F∞. Then there exists some
point x ∈ ∂F1 such that f (x) ∈ F∞. But this is a contradiction since x ∈ J and hence f (F1) = F∞
and we obtain that f (y) = ∞ for some y ∈ F1. But since f is polynomial we know that the only
possibility is y = ∞ and hence F1 = F∞, which completes the proof since the point z was arbi-
trary.
So we can define the Julia set of f as the boundary of the unbounded component of the Fatou set.
In addition it gives that each bounded component of the Fatou set is simply connected and that the
unbounded component is either simply or infinitely connected.
With this result we can return to study the Julia set of the polynomial f (z) = z2− 2. We had
shown using the minimality property of the Julia set that J ⊂ L, where L = [−2,2]. And now we
note that the Fatou set must thus have only one component. This component must be the F∞ and
hence the Julia set is its boundary. But as L is completely invariant with respect to f we note that
the boundary is the whole L, since none of the points x ∈ L converge to infinity under iterations of
f . Thus the Julia set is the set L.
As another remark to the previous theorem we obtain the following. Let us assume that the
whole Fatou set is connected. Then either the Julia set is connected and the Fatou set is sim-
ply connected or the Julia consists of infinitely many components and the Fatou set is infinitely
connected.
Theorem 3.15.
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The boundary of the basin of attraction consist of the Julia set.
Proof: Let Cz be an attractive cycle and A(Cz) its basin of attraction. Since we have shown in
the corollary 3.4 that the Julia set is the boundary of the component F∞ we can assume that bothCz
and A(Cz) are bounded. We have proven that A(Cz) is nonempty and we will now show that it con-
tains some open discs around every point of the cycleCz. Let z be some point in the cycle and n be
the period of the cycle. Then z is an attractive fixed point for f n and thus we can choose some disc
U around it such that all points in the closure of that disc converge uniformly towards the point
z as shown in the proof of the theorem 3.12. Hence we can choose this U to be the disc for the
point z and for every other point in the cycle we choose some disc Uk centered at f k(z) such that
Uk ⊂ f k(U). Such disc Uk exist for every integer 1≤ k ≤ n−1 since f k is analytic and thus open
map for every integer k. Now it is easy to see that for any point x that lies in these discs it holds
that limk→∞ dist(Cz, f k(x)) = 0 since limk→∞ dist(z, f kn(x)) = 0 and all mappings f , f 2, · · · , f n−1
are continuous.
Let us denote the smallest radius of these discs by r. We also know that A(Cz) cannot be the whole
complex plane since the Julia set is nonempty and does not belong to the basin of attraction. Hence
there exists the boundary for A(Cz). Let c be an arbitrary point of the boundary and V its arbitrary
neighborhood. Then all points in V ∩A(Cz) 6= /0 do converge to Cz and all points in V \A(Cz) 6= /0
do not even enter in A(Cz). Thus c must belong to the Julia set, since it holds for the distance
between iterations of two arbitrary points z,x of which other converges to the cycle and other does
not enter to the basin of attraction that limn→∞ dist( f n(z), f n(x)) ≥ r. Therefore we have shown
that ∂A(Cz)⊂ J( f ).
To show inclusion to other direction we note that the boundary of A(Cz) is closed and since A(Cz)
is completely invariant its boundary is also completely invariant, which follows from result in the
proof of the theorem 3.14. From this we get by the minimality of the Julia set that ∂A(Cz) = J( f ),
because clearly there are at least two points in the boundary of A(Cz). If there would be only one
boundary point we would get from a basic topology that A(Cz) would be the whole complex plane
omitting a single point, which is not possible.
If we take a look at our example of the Julia set for the polynomial f (z) = z2 we see that the
boundary of basins of attraction for both 0 and ∞ is the boundary of the unit disc, and we note that
the theorem clearly holds in this example.
We have defined valency v f (z) before in definition 2.5. We remind that we denoted deficiency
of f at z by δ f (z) = v f (z)− 1. Define deficiency over a set A ⊂ C¯ as ∑x∈A δ f (x). Notice that
δ f (x) = 0 for all but a finite set of points in arbitrary set A and that for a polynomial f the follow-
ing equation holds δ f (C) = deg f −1.
Additionally if f is a continuous function from a domain D ⊂ C¯ to a domain D¯ ⊂ C¯ we say it is
m-fold if for every point z0 ∈ D¯ the equation f (z) = z0 has exactly m solutions, counting multi-
plicities, in D. This in mind we proceed to the next theorem, for which we will give formulations
that are suitable for our needs and omit the proof.
Theorem 3.16. The Riemann-Hurwitz relation
Let f : C¯→ C¯ be a polynomial with the degree at least two. We will give two formulations
for the Riemann-Hurwitz relation.
First formulation: Let f be as above and F0,F1 be components of the Fatou set. If it holds that f
maps the component F0 to the component F1, then there exists an integer m such that f is a m-fold
map of F0 into F1 and
χ(F0)+δ f (F0) = mχ(F1)
where χ denotes the Euler characteristic discussed in the appendix, definition 6.1 and definition
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6.3.
Second formulation: Let f be as before and assume that the following holds
1. V is a domain in the closed complex plane which is bounded by a finite number of mutually
disjoint Jordan curves.
2. U is a component of the f−1(V )
3. There are no critical values of f on ∂V
Then it holds that there exists an integer m such that f is an m-fold map from U to V and
χ(U)+δ f (U) = mχ(V )
Proofs for these theorems can be found for example in [B], theorems 5.5.4 and 5.4.1 respec-
tively.
Theorem 3.17.
The immediate basin of an attractive fixed point contains a critical point.
Proof: If an attractive fixed point is super attracting it is a critical point itself so we can con-
centrate on attractive but non-super-attracting points.
For a polynomial infinity is always a super attracting fixed point so we can assume that the fixed
point z is finite. Let z be an attractive fixed point and denote the component of the Fatou set that
contains z by Fz. This component coincides with the immediate basin of attraction of the attractive
fixed point and is forward invariant.
Assume now that the component Fz does not contain a critical point. Then due to theorem 3.14
part 3 we notice that the component Fz must be simply connected, since it does not contain the
infinity as the infinity does not converge towards the point z. Using the Riemann-Hurwitz relation
we obtain that
1+0 = χ(Fz)+δ(Fz) = mχ(Fz) = m
and hence m = 1. From this we get that f is a homeomorphism of the simply connected do-
main Fz onto itself. Applying the Riemann mapping theorem we deduce that the restriction of
the map f to the component Fz is analytically conjugate to an automorphism S of the unit disc
which preserves the origin. Thus S must be a rotation of a unit disc. But from this we get that
1 =| S′(0) |=| f ′(z) |< 1 and this is a contradiction. Hence there must be a critical point in the
immediate basin of attraction of an attractive fixed point.
Corollary 3.5.
The immediate basin of an attractive periodic point contains a critical point.
Proof: Let (z0,z1, ...zn−1) be a cycle of a period n. Above theorem says that for any zi, i ∈
{0,1, , ,n−1} the f n has a critical point in Fi, which is the component of the Fatou set that contains
the point zi. In a critical point the derivative of a function is zero, so ( f n)′(z) = 0 for some z in Fi.
But we have shown that
( f n)′(z) =
k=n−1
∏
k=0
f ′( f k(z))
and thus f must have a critical point in some Fi, as the product of elements is zero only if some of
its element is.
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From this we get an upper bound for the amount of different attractive cycles and for the basins of
attractions. Since it is clear that the basins of attraction must be disjoint and every basin contains
a critical point we conclude that there can be at most deg f −1 different finite attracting cycles for
every polynomial f .
Theorem 3.18.
The Fatou set F contains at most two completely invariant components. And if there are two such
components they are both simply connected.
Proof: Assume that there exist more than one, but finitely many completely invariant compo-
nents and denote them by F1, ...,Fk, where k ≥ 2. Additionally let d denote the deg f . We know
from the third point of theorem 3.14 that if there is one completely invariant component of F ,
then all other components are simply connected. In this case this gives us that all components are
simply connected as we can use this theorem to two different completely invariant components.
Next we will use the Riemann-Hurwitz relation, theorem 3.16, to each Fj. And as each Fj is simply
connected and completely invariant we obtain that f is a d-fold mapping from Fj→ Fj, and thus
δ f (Fj) = (d−1)χ(Fj) = d−1
We had defined deficiency in definition 2.5 and obtained formula which gives
k(d−1) =
k
∑
j=1
δ f (Fj)≤ δ f (C¯) = 2d−2
And thus k ≤ 2 which completes the proof, since if there would be infinitely many completely
invariant components we could choose three of them and obtain contradiction.
In fact it follows from the Sullivan’s no wandering domain theorem that if there are two com-
pletely invariant component in F then these are the only components of F . We will not prove
this result in this paper, but the proof can be found for example in [B] starting on the page
176.
Theorem 3.19.
The Fatou set of a polynomial f can have 1,2 or ∞ many components.
Proof: Let us assume that F consist of a finite number of components. Then we can show in
the same way as in the proof of part 2 of theorem 3.14, that there exists such an integer m, that
every component Fi is completely invariant under fm. Proposition 3.7 states that the Fatou set is
the same for both f and fm and thus the above theorem 3.18 states that there can be at most two
components. To complete the proof we remember that the Julia set is bounded by theorem 3.4 and
hence the Fatou set is non-empty and has at least one component.
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4 Basic properties of self-similarity and geometric measure theory
In this section the definition, examples and some properties of self-similarity and the Hausdorff
measure are given. We will also define the Hausdorff dimension using the Hausdorff measure
and prove some of its basic properties. We shall also fractals and how to define them. We will
then proceed to give a link between self-similar sets and the Hausdorff dimension. In this pa-
per geometric measure theory, self-similarity and theory about fractals are used as tools to help
to understand the properties of the Julia set better and therefore a few proofs that do not serve
this goal are omitted in this paper. A closer look at this topic with proofs can be found for ex-
ample in [FE] or [M]. Other sources that I have used for this chapter include [AIM], [F] and
[I].
Definition 4.1. Similarity and contraction
Let g be a function from Rn to itself. We call it a contraction if the condition | g(x)− g(y) |≤
c | x− y | holds for all x,y ∈ Rn, with some constant 0 < c< 1, where c is called the ratio of con-
traction. If the equality holds for every pair x,y we call g a similarity. This means that the function
g maps set to a smaller copy of itself. The mapping g is then a composition of scaling with the
constant c, translation and a rotation.
Definition 4.2. Invariant sets and self-similarity
The non-empty compact subset X of the complex plane is called an invariant set with respect
to the contractions gk, if there exists a finite family of contractions gk, from the complex plane to
itself, such that
X = ∪k∈Kgk(X) (1)
If all the functions gk are similarities we call X a self-similar set with respect to these similarities.
If X is self-similar then we notice that it consists of smaller copies of itself.
Self-similarity is best approached via examples. One of the most common examples of self-
similarity is the one-third Cantor set. We start from the closed interval I = [0,1] and take away the
middle third of it, leaving endpoints
1
3
,
2
3
to the set, and obtain two closed intervals [0,1/3] and
[2/3,1]. Now we again take away the middle thirds of these intervals and obtain four closed inter-
vals [0,1/9], [2/9,1/3], [2/3,7/9], [8/9,1]. We will obtain the Cantor set by recursively repeating
this process infinitely. Next we will give a rigorous definition for this intuitive idea.
Examine functions g1(x) =
1
3
x and g2(x) =
1
3
x+ 2/3, defined from the real-numbers to itself.
Both are clearly similarities and g1(I) = [0,1/3] and g2(I) = [2/3,1].
We can denote the first step in creating the Cantor set as C1 = [0,1], and we can construct the
second step with C2 = ∪21i=1gi(I). Continuing like this we will construct the n:th step with
Cn = ∪2i1,...,in−1=1gi1 ◦ · · · ◦gin−1(I)
So we go through all compositions of g1 and g2, which consist of exactly n−1 compositors.
We obtain the Cantor set by defining C = ∩∞n=1Cn, that is as an intersection of all the steps. In the
following picture we have illustrated seven first steps in creating the Cantor set. It can be checked
that the Cantor set is the self-similar set with respect to the similarities g1,g2.
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Figure 1: Seven first iterations in the construction of the Cantor set, picture courtesy of Wikipedia
Many natural properties of the self-similar sets can be seen in the Cantor set. For example, taken
any given composition g = gi ◦ · · · ◦ gn of g1 and g2 and taking the set g(I)∩C we obtain a set
similar to the whole Cantor set. So we get the original Cantor set by scaling the part of the Cantor
set obtained this way with an appropriate constant, which is 3n where n is the number of compos-
itors in g and then shifting if necessary. We also note that the Cantor set is obtained in a recursive
fashion, and that it is very hard or impossible to give an exact geometric definition for the set
without using recursion. It also has a fine structure, meaning that it resembles the original set on
an arbitrary scale.
Figure 2: Four first iterations in the construction of the Koch curve, picture taken from
http://www.cs.swarthmore.edu/ adanner/cs21/f09/lab10.php
Another good example of self similarity is the Koch curve, which we will construct next and
of which construction few first steps are given above. Start again from the closed unit interval
I = [0,1] and divide it into three parts, all of equal length. Leave first and last untouched, but take
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out the middle one, just like in the construction of the Cantor set, and replace it with sides of an
upward pointing equilateral triangle. We denote the line segment on the left by I1, the line segment
that builds left side of the triangle by I2, the line segment that builds the right side of the triangle
by I3 and the last one by I4. In the next iteration we do the same thing for all lines in the curve that
we have got from the previous iterations. We obtain the Koch curve as a limit of these curves by
letting the number of iterations grow to infinity.
This time we define four similarities gi, i ∈ (1,2,3,4), which are defined by gi(I) = Ii. We omit
the exact calculation of these functions in this paper. The Koch curve is the self-similar set for
these similarities.
As we compare the Koch curve to the Cantor set we notice few properties they both share. Let
us denote the Koch curve by K. As we take any composition g of similarities g j and look at the
set g(K) we obtain a smaller self-similar copy of the whole set K. Koch curve is also formed
recursively by iterating similarities, but as for the Cantor set it is very hard to give classical geo-
metric definition to it without recursion. For example it does not have a tangent at any point. It has
a fine structure, meaning that it resembles the original set in arbitrary scale, just like the Cantor
set.
For an arbitrary Julia set the condition of self similarity, condition (1), clearly does not hold with
similarities. However in some Julia sets there exists some kind of similarity. For studying this we
need some additional notions.
Definition 4.3. The hyperbolic Julia set
Let f be a polynomial and J its Julia set. We say that the Julia set is hyperbolic if forward or-
bits, defined just before theorem 3.7, of critical points converge either to an attractive cycle or to
infinity.
Let polynomial f be such that the Julia set J( f ) is hyperbolic. From the definition of hyper-
bolic Julia sets it follows that the Julia set does not contain any critical points. Thus for any point
z ∈ J it holds that we can find some open ball centered at the point z such that f is conformal in
that ball, see theorem 2.1. The union of those balls provides an open cover for the Julia set and
since the Julia set is compact we can choose some finite union of these balls that will cover the
Julia set. Denote these balls by Bi where i goes from one to some finite number k. Using the
Lebesgue’s covering theorem 2.9 we obtain that there exist some positive number θ such that for
all points z ∈ J the ball B(z,θ) is contained in some ball Bi.
Next we will use the following theorem, proved in [AIM] theorem 2.10.9, which states that if f is
conformal in some disc B(x,r1) we can choose any constant 0 < c< 1 and then it holds that
| f (z1)− f (z2) |
| f (z1)− f (z3) | ≤ ηc
| z1− z2 |
| z1− z3 | (2)
where ηc is a constant that depends only on the constant c, and z1,z2,z3 ∈ B(x,cr1). Here the
difference to similarity is that the constant ηc is greater than one and thus we can have some per-
turbation, and the amount of it depends on the constant c.
With this theorem in mind we choose any positive r < θ. Now it holds for any z ∈ J that
B(z,r) ⊂ B(z,θ) ⊂ Bi for some i. Especially we obtain that f is conformal in the ball B(z,θ).
And since we chose r < θ we can choose a constant c =
r
θ
< 1 and use the theorem presented
above. Additionally we notice that the choice of the constant c did not depend on the point z ∈ J.
So we obtain that f fulfills the inequality (2) for points z1,z2,z3 ∈ J∩B(z,r). In this case we say
that J∩B(z,r) is quasi self-similar with its image set.
We notice that this process can be iterated if it holds that the diameter of the set f (B(z,r)) is smaller
than θ. Since then it holds for some z1 ∈ J that f (B(z,r)) ⊂ B(z1,θ) and additionally f (B(z,r))
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has a positive distance from the boundary of the set B(z1,θ). Additionally it follows from the
assumptions on θ that f is conformal in the ball B(z1,θ) . So we can again use the inequality (2)
with the constant c1 =
diam( f (B(z,r)))
θ
on the ball B(z1,θ) and obtain that
| f 2(z1)− f 2(z2) |
| f 2(z1)− f 2(z3) | ≤ ηc1
| f (z1)− f (z2) |
| f (z1)− f (z3) | ≤ ηc1,c
| z1− z2 |
| z1− z3 |
for all z1,z2,z3 ∈ B(z,r). So we see that J∩B(z,r) is quasi self-similar with the set f 2(B(z,r))∩J.
In the completely same manner we can iterate this process if the diameter of the set f 2(B(z,r)) is
small enough. To study how many times the iteration can be done we notice that since the Julia
set is compact and f is a polynomial we have that the diameter of the set f (B(z,r)), where r < θ
and z ∈ J, is smaller or equal to mr where m is the sup-norm of f ′ on some compact disc B that
contains the Julia set and for which it holds that dist(J,∂B) > θ. Hence every sufficiently small
subset of the Julia set is quasi self-similar with some other subset of the Julia set for which it holds
that it is not a subset of any ball with radius smaller than
θ
2m
and centered in the point that belongs
to the Julia set.
In other words any sufficiently small subset of the Julia set is quasi self-similar with some subset
of the Julia set which is of some predefined magnitude. For illustration of this behavior we suggest
reader to take a look at the pictures of the Julia sets on the pages 48 and 49.
Next we briefly discuss fractals.
Definition of the fractal is not straightforward and in fact there is no consensus for one defini-
tion that would rigorously define all sets that are considered fractals. So we will try to explain
what kind of fractals there are and what are their usual properties, rather than giving a rigorous
definition for them.
Let F be a set we regard as a fractal. Then its usual properties include
1. At least a quasi self-similarity. With this we mean that for every point z ∈ F and for every
small enough ball B(z,r), where r < m and m is some constant, there exists some continu-
ous function g such that g(F ∩B(z,r))⊂ F and F ∩B(z,r) is quasi self-similar with the set
g(F∩B(z,r)). Additionally we demand that g(F∩B(z,r)) is of some predefined magnitude.
2. It has a fine structure. So it is as complex as the original set in an arbitrary scale
3. Its Hausdorff dimension, which will be defined shortly is greater than the topological di-
mension
4. It cannot be expressed using traditional geometrical objects
As said above this cannot be taken as a definition for the fractals, but more as an illustration of
their usual behavior. So a set can be regarded as a fractal even if it does not fulfill all of these
properties. For example both the Cantor set and the Koch curve are regarded as fractals since they
fulfill all the requirements shown above, as we will later in this section prove that their Hausdorff
dimension is indeed greater than topological dimension. The Julia sets are also considered as frac-
tals for almost all polynomial f since they cannot be expressed even locally with a conventional
geometrical structures, have fine structure and are quasi-self-similar. We have already shown the
quasi self-similarity for the hyperbolic Julia sets and we will later see some of the other properties
for some Julia sets.
Next we will start studying the Hausdorff measure. For that we need the following notions. We
will denote the diameter of the set U ⊂ Rn by | U |= sup{| x− z | x,z ∈ U}. We will call the
countable family of nonempty sets Ui a δ-cover of U if U ⊂∪Ui and |Ui |< δ for all i. Suppose U
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is a subset of Rn and s is an arbitrary non-negative number. Then for any δ> 0 we define
H sδ (U) = inf{
∞
∑
i=1
|Ui |s: {Ui} is a δ-cover of U }
Hence we try to cover U with sets which diameter is at most δ and try to minimize the summa-
tion over their diameters s:th power. Clearly as δ decreases the number of acceptable covers is
reduced, and thus the infimum taken over covers increases or stays same. Hence we obtain that
H sδ (U) converges to a limit as δ→ 0, if we allow one possible limit to be infinity. So we can give
the following definition.
Definition 4.4. Hausdorff measure
Let U be any set in Rn. We define its s- dimensional (outer)Hausdorff measure as
H s(U) = lim
δ→0
H sδ (U)
Limit exists for any set U and any non-negative s if we allow it to be infinity. In this paper we
omit the proof that the Hausdorff measure is indeed an (outer)measure, for proof see [FE] page
171.
It can be shown that for the Borel sets the Hausdorff s-measure is just the Lebesgue n-measure
multiplied with a constant, when s is chosen to be a positive integer n. Proof for this result can be
found for example in [M] starting on the page 45. Additionally it is easy to see that the Hausdorff
measure for the value s= 0 is just the counting measure.
From the definition of the Hausdorff measure it is clear that the Hausdorff measure of a given
set U is non increasing with respect to s, since | Ui |< δ and δ→ 0. So the bigger the s is the
smaller |Ui |s becomes, and thus the smaller the value of the series ∑∞i=1 |Ui |s will become.
In fact more can be said, if t > s and Ui is arbitrary δ-cover of U , we have
∞
∑
i=1
|Ui |t≤ δt−s
∞
∑
i=1
|Ui |s
Since for every | Ui | it holds that | Ui |t≤ δt−s | Ui |s⇔| Ui |t−s≤ δt−s which follows from as-
sumption | Ui |< δ for all i. It follows from this that if H s(U) < ∞ then H t(U) = 0, since
δ→ 0. Therefore we obtain that there exists critical value s1 for which it holds that H s(U) = 0
when s > s1 and H s(U) = ∞ for all 0 ≤ s < s1. And with this we give the following defini-
tion.
Definition 4.5. Hausdorff dimension
Let U be an arbitrary set in Rn. We define the Hausdorff dimension of the set U , denoted by
dimH(U) to be
dimH(U) = inf{s≥ 0 :H s(U) = 0}
In other words it is the smallest value of s such that all the bigger values give zero for the Hausdorff
measure of the setU . Thus we notice that the critical value discussed above is in fact defined to be
the Hausdorff dimension of setU . At this critical value H s(U) can obtain any non negative value,
including infinity.
We will next prove that bi-Lipschitz mappings preserve the Hausdorff dimension. For this we
will first study how the Hölder condition affects the Hausdorff measure.
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Proposition 4.6.
LetU ⊂Rn and g :U→Rm be a mapping such that | g(x)−g(y) |≤ c | x−y |α for some constants
c> 0,α> 0. Then for each s it holds that H s/α(g(U))≤ cs/αH s(U). Notice that if α= 1 we get
the Lipschitz condition.
Proof: let {Ui} be an arbitrary δ-cover of the set U . From the assumptions we get that | g(U ∩
Ui) |≤ c |Ui |α for any i. From this it follows that {g(U ∩Ui)} is ε-cover of g(U), where ε= cδα.
Then
∑
i
| g(U ∩Ui) |s/α≤∑
i
cs/α |Ui |s
and thus we get
H s/αε (g(U))≤ cs/αH sδ (U)
as we notice that ε→ 0 when δ→ 0. Since c and α were constants, we get the proposition.
Next we will show how the Hölder condition affects the Hausdorff dimension.
Corollary 4.1.
Let U and g be as above. Then dimH(g(U))≤ 1α dimH(U).
Proof: From proposition 4.6 we get that if s> dimH(U), thenH s/α(g(U))≤ cs/αH s(U) = 0. And
thus dimH(g(U))≤ sα for all s> dimH(U), which proves the claim. We notice that if α= 1, then
dimH(g(U))≤ dimH(U).
As an another corollary to our proposition we obtain that a bi-Lipschitz mapping preserves the
Hausdorff dimension.
Corollary 4.2.
Bi-Lipschitz mappings preserve the Hausdorff dimension.
Proof: As g is a bi-Lipschitz mapping, the functions g and g−1 are both Lipschitz by the defi-
nition and above corollary gives that dimH(g(U))≤ dimH(U) and dimH(U)≤ dimH(g(U)). Thus
dimH(g(U)) = dimH(U), which proves the claim.
Actual calculation of the Hausdorff dimension for a given set U is a non-trivial problem. In
this section we will mainly concentrate on self-similar sets for which it is easier, using the method
that we will prove later in the proposition 4.12.
We will now give an example of calculating the Hausdorff dimension of some given set in order
to make it better understandable.
Example 4.1. Calculating the Hausdorff dimension
We will construct a self-similar set by starting from the square that has the vertices at points
(0,0),(0,1),(1,0) and (1,1). We denote this square by U1. In the first step we then divide it to
sixteen equal closed squares with side lengths of
1
4
. Then we choose from these four squares in
such a manner that we have chosen a square from every column and remove the rest. We denote
the union of these squares by U2. In the n : th step we will again divide every square in the set Un
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to sixteen equal squares and again choose one from every column in the same way as in the first
step and remove the rest. Next we will define the set U as
U = ∩∞n=1Un
and our goal is to show that 1≤H 1(U)≤√2, and thus that dimH(U) = 1.
For the upper bound it is enough to find some covering {Ui} of set U such that the diameters |Ui |
can be made arbitrary small and ∑∞i=1 |Ui |≤
√
2. We will construct covering by the squares them-
selves. On arbitrary step we get 4k squares with
1
4k
of length of the side, and hence the diameter
of such square is
√
2
4k
which clearly converges to zero as k→ ∞. From this we get that
4k
∑
i=1
|Ui |=
√
2
for an arbitrary integer k. In order to obtain the lower bound we will look at the orthogonal pro-
jection of the set U onto x−axis. For the orthogonal projection to x−axis it holds that
| P(x)−P(y) |=
√
(x1− y1)2 ≤
√
(x1− y1)2+(x2− y2)2 =| x− y |
Hence it is a Lipschitz mapping with the Lipschitz constant one and thus by the corollary 4.1 it
follows that the dimension of the projection is smaller or equal to the dimension of the original set.
Because we chose a square from every column we obtain that the projection must be the whole
interval [0,1]. Hence 1 = H 1([0,1])≤ H 1(U). From this it follows that the dimension of the set
U must be 1.
Although we succeeded to calculate the Hausdorff dimension of this set the problem is generally
non-trivial. So there is no universal way to calculate the Hausdorff dimension for some arbitrary
given set.
Next our goal is to find a way to calculate the Hausdorff dimensions of self-similar sets that
fulfill certain conditions. For this we first need some more results concerning self-similarity and
the Hausdorff dimension.
Definition 4.7. Open set condition
We say that the finite family of similarities gi, where i ∈ {1,2, ...,m} satisfy the open set con-
dition if there exists an open bounded set U 6= /0, such that
∪mi=1gi(U)⊂U
where the union is pairwise disjoint.
For example in the case of the similarities g1,g2 that define the Cantor set the set U can be
chosen to be an open interval (0,1), and we notice that g1((0,1))∪ g2((0,1)) ⊂ (0,1) and that
g1((0,1))∩g2((0,1)) = /0. Thus the family {g1,g2} satisfies the open set condition.
Proposition 4.8.
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Let {Ui} be a collection of disjoint open sets in Rn such that each set Ui contains a ball of ra-
dius a1r and is contained in a ball of radius a2r. Then each ball B of radius r intersects at most
(1+2a2)na−n1 of the closures of sets Ui in the family {Ui}.
Proof: If set Ui meets B then Ui is contained in a ball of radius (1+ 2a2)r, which is centered
at some point of the set B. Suppose that there are q sets in the family {Ui} that intersect B. Then
by summing up the volumes of interior balls of radius a1r we get q(a1r)n ≤ (1+ 2a2)nrn⇔ q ≤
(1+2a2)na−n1 , giving desired inequality.
We call µ a mass-distributor if it is a Borel measure on Rn such that 0 < µ(Rn) < ∞. We no-
tice that it can have a bounded support and that it can be scaled to be a probability measure on the
set Rn. With this definition we give the following proposition.
Proposition 4.9.
Let µ be a mass distributor andU ⊂Rn be a set for which it holds that µ(U)> 0. Now suppose that
there exist constants c > 0 and δ > 0 such that µ(V ) ≤ c | V |s for all sets V that fulfill condition
|V |≤ δ. Then H s(U)≥ µ(U)
c
and s≤ dimH(U).
Proof: Let {Ui} be any γ- cover of U , where γ< δ. Then
0 < µ(U)≤∑
i
µ(Ui)≤ c∑
i
|Ui |s
so we get H sγ (U) ≥
µ(U)
c
as γ is smaller than δ. Hence as γ→ 0, we have H s(U) ≥ µ(U)
c
.
To prove the second part we denote s1 = dimH(U), and assume s > s1. Then we have from the
definition of the Hausdorff dimension that H s(U) = 0. But we know that H s(U)≥ µ(U)
c
, where
µ(U)> 0. This gives a contradiction, and the proof is complete.
This result is known as the mass distribution principle and will be referred with that name later on
in this paper.
The claim is also valid if we restrict to the balls of radius at most δ, and this information will
be used in the next chapter. In this case we claim that if µ is a probability measure on the set
U ⊂ C and that for some positive constants c,s and r0 it holds that
µ(B(z,r))≤ crs
for all 0 < r < r0 and all z ∈U , then dimh(U)≥ s.
Proof: First we notice that since s is some positive constant every point z must have a measure
zero. Since otherwise we would have that any ball containing that point would have measure big-
ger than some constant regardless of its radius. This is a contradiction to the assumptions since
crs→ 0 as r→ 0.
Then take any δ < ro/2 and let sets {Ui} form an arbitrary δ- cover of the set U . Then for each
set Ui that meets the set U we choose some point γ j in the intersection and a corresponding disc
B(γ j, p j), where p j =|Ui |< r02 , and thus | B(γ j, p j) |< r0. Now the set Ui ⊂ B(γ j, p j), and hence
U ⊂ ∪∞j=1B(γ j, p j). So we obtain
1 = µ(U)≤
∞
∑
j=1
µ(B(γ j, p j))≤ c
∞
∑
j=1
psj = c
∞
∑
k=1
|U j |s
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From the above equation it follows that H sδ (U) ≥ c−1 for all δ < ro/2. And thus as δ→ 0, we
obtain that H s(U)≥ c−1, and therefore dimh(U)≥ s. This proves the claim.
Now let us define a space γ to be the collection of non-empty compact sets of the space Rn.
We will use γ to denote this set until the end of this chapter. We then define the δ-paraller body
of a set A ∈ γ to be the set of points within the distance δ from the set A, rigorously defined as
Aδ = {x ∈ Rn :| x−a |≤ δ for some a ∈ A}. With these notions we can proceed to give definition
for the distance of subsets.
Definition 4.10. Distance between subsets
Let A ∈ γ and B ∈ γ. We define the distance between the sets A and B, denoted by d(A,B), to be
d(A,B) = inf{δ : B⊂ Aδ and A⊂ Bδ}
In the other words it is the least δ such that r-paraller body of the set A contains the set B and other
way around, for every r > δ. We will next show that this defines a metric in the space γ.
It is clear that d : γ× γ→R is a non-negative function. From the definition of d it follows trivially
that d(A,B) = 0 if and only if A = B and that d(A,B) = d(B,A), where A,B ∈ γ. Thus the only
thing left to prove is the triangle inequality. Let us assume that A,B,C ∈ γ. We need to show that
d(A,B) ≤ d(A,C)+ d(C,B). To do this fix arbitrary numbers r > d(A,C) and s > d(C,B). Then
it holds that C ⊂ Ar, A⊂Cr, C ⊂ Bs and B⊂Cs.
Let x ∈ A be arbitrary, then it holds that d[x,C]< r and hence we can choose some z ∈C such that
d[x,z]< r, where d[·, ·] is the normal Euclidean distance. With this and the fact that z ∈C⊂ Bs we
obtain that
d[x,B] = inf
v∈B
d[x,v]≤ inf
v∈B
d[x,z]+d[z,v] = d[x,z]+d[z,B]< r+ s
Since x ∈ A was arbitrary this shows that A ⊂ Br+s. In a completely similar way we obtain that
B ⊂ Ar+s. This shows that d(A,B) ≤ r+ s, and since r > d(A,C) and s > d(C,B) were arbitrary
this shows that d(A,B) ≤ d(A,C)+ d(C,B). Hence we obtain that d(·, ·) is metric in the space
γ.
Proposition 4.11.
Let gi, i ∈ {1,2, ...,m} be contractions on Rn. Then there exists a unique non-empty compact set
U that is invariant for gi, meaning that
U = ∪mi=1gi(U)
In addition we can define a transformation G on the space γ of non-empty compact sets by
G(F) = ∪mi=1gi(F)
and write Gn for the n:th iterate of G and get that
U = ∩∞n=1Gn(F)
for any set F ∈ γ that fulfill condition gi(F)⊂ F for all i.
Proof: First we note that the sets in γ are transformed to another set in γ by the transformation
G as all the gi are contractions, and thus continuous. And from the basic results in topology we
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know that compact sets are mapped to compact sets under continuous mappings. Next we note
that there indeed exists a compact set F such that gi(F) ⊂ F . For example the closure of a big
enough ball centered at the origin fulfills the condition.
Next let F be any set in γ such that gi(F)⊂ F , for all i. Then we have that Gn(F)⊂Gn−1(F). Thus
Gn(F) forms a decreasing sequence of non-empty compact sets and therefore has a non-empty
compact intersection U = ∩∞n=1Gn(F). From this it follows that G(U) =U , so U is invariant.
Next we will show that U is unique. If A,B ∈ γ, then
d(G(A),G(B)) = d
(
∪mi=1 gi(A),∪mi=1gi(B)
)
≤ max
1≤i≤m
d(gi(A),gi(B))
Since if δ is such that the δ-paraller body (gi(A))δ contains gi(B) for all i, then (∪mi=1gi(A))δ con-
tains ∪mi=1gi(B).
From this we get that d(G(A),G(B)) ≤
(
max1≤i≤m ci
)
d(A,B), where ci is the contraction ratio
of the contraction gi. If A and B are both invariant then G(A) = A and G(B) = B. Thus we have
that d(A,B) ≤
(
max1≤i≤m ci
)
d(A,B) and since it holds that ci < 1 for all ci, only possibility is
that d(A,B) = 0, meaning that the sets are same.
Now we will check the case when F is an arbitrary element in the set γ. Then we have that
d(G(F),U) = d(G(F),G(U))≤ cd(F,U)
where c= maxi=1,2,,,m ci < 1, and hence
d(Gn(F),U)≤ cnd(F,U)→ 0
when n→ ∞ since d(F,U) is some constant and c < 1. From this we obtain that an arbitrary set
F ∈ γ converges to the set U in the sense that d(Gn(F),U)→ 0 as n→ ∞. We also know that
mapping Gn maps set F to a set in γ, for any integer n, and thus Gn(F) converges to U as an
element of γ.
Now with these results we can proceed to calculate the Hausdorff dimension of self-similar sets
that satisfy the open set condition.
Proposition 4.12.
Let gi be a finite family of similarities with ratios ci, where 1 ≤ i ≤ m, and assume that the open
set condition holds. Let the set U be the unique non-empty compact and invariant set satisfying
U = ∪mi=1gi(U)
and assume that s satisfies the condition
m
∑
i=1
csi = 1
Then dimH(U) = s and for this value s it holds that 0 <H s(U)< ∞.
Proof: Let s satisfy the assumptions above. For any set A we write Ai1,...,ik = gi1 ◦ · · · ◦gik(A). Let
Jk denote the set of all k-term sequences by 1≤ i j ≤m. Then it follows from the assumptions that
U = ∪JkUi1...ik
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We will now show that these covers ofU provide suitable upper bound for the Hausdorff measure.
As the mapping gi1 ◦ · · · ◦gik is a similarity of the ratio ci1 · · ·cik , we obtain that
∑
Jk
|Ui1...ik |s=∑
Jk
(ci1 · · ·cik)s |U |s=
(
∑
i1
csi1
)
· · ·
(
∑
ik
csik
)
· |U |s=|U |s
For any δ > 0 we can choose k such that | Ui1,...,ik |≤ (maxi ci)k ≤ δ and thus H sδ (U) ≤| U |s.
From this we get H s(U) ≤| U |s, and we have found an upper bound. Notice that because the
set U was compact, it follows that |U |< ∞, and we have that for this s it holds that H s(U) <
∞.
For the lower bound let I denote the set of all infinite sequences I = {(i1, i2, ...) : 1 ≤ i j ≤ m}
and Ii1,...,ik = {(i1, ..., ik,qk+1, ..) : 1 ≤ q j ≤ m} be the cylinder consisting of those sequences that
have a starting sequence (i1, ..., ik). We will now place a non-negative function µ on I∪{ /0} such
that µ(Ii1,...,ik) = (ci1 · · ·cik)s and µ( /0) = 0. Since
(ci1 · · ·cik)s =
m
∑
i=1
(ci1 · · ·cikci)s
we obtain that
µ(Ii1,...,ik) =
m
∑
i=1
µ(Ii1,...,ik,i)
and we will extend µ to a measure on the σ(I), which is the smallest σ-algebra that contains the
set I, in the appendix after the theorem 6.6. Additionally it is easy to see that µ(I) = 1. We will
then transfer measure µ to a mass distribution µ¯ on U by defining
µ¯(A) = µ{(i1, i2, ...) : xi1,i2,... ∈ A}
for any Borel set A, where xi1,i2,... = ∩∞k=1Ui1,...,ik , see discussion after the theorem 6.6 in the ap-
pendix. Clearly then from the definition of µ¯ we get that µ¯(U) = µ(I) = 1.
Next we need to show that µ¯ satisfies the conditions of the mass distribution principle, proposition
4.9. Let V be an open set as in the definition 4.7. Since ∪mi=1gi(V¯ ) = G(V¯ )⊂ V¯ the decreasing se-
quence of iterates Gk(V¯ ) converges toU . ThusU ⊂ V¯ andUi1,...ik ⊂ V¯i1,...ik for each finite sequence
(i1, ...ik). Let B be any ball of radius r < 1. We will estimate µ¯(B) with the sets Vi1,...ik that have
diameters comparable with diameter of B and with closures intersecting U ∩B.
We curtail each infinite sequence (i1, i2, ...) ∈ I after the first term ik for which it holds that
(mini ci)r≤ ci1ci2 · · ·cik ≤ r, and let Q denote the finite set of all finite sequences obtained this way.
Hence for all infinite sequences (i1, i2, ...) ∈ I there is exactly one value of k with (i1, ...ik) ∈ Q.
Since V1, ...,Vm are disjoint it follows that Vi1,...,ik,1, ...,Vi1,...,ik,m are also disjoint for all (i1, ..., ik).
Using this in a nested way gives that the collection of open sets {Vi1,...,ik : (i1, ..., ik) ∈ Q} is dis-
joint, and similarly U ⊂ ∪QUi1,...,ik ⊂ ∪QV¯i1,...,ik .
We choose a1 and a2 so that V contains a ball of radius a1 and is contained in a ball of radius
a2. Now for (i1, ..., ik) ∈ Q the set Vi1,...,ik contains a ball of radius ci1 · · ·cika1 and therefore one of
radius (mini ci)a1r, and is contained in a ball of radius ci1 · · ·cika2 and hence in a ball of radius a2r.
Let Q1 denote those sequences (i1, ..., ik) in Q such that B intersects V¯i1,...,ik . From the proposition
4.8 giving covering result for balls we know that there are at most q = (1+ 2a2)na−n1 (mini ci)
−n
sequences in Q1. From this we get that
µ¯(B) = µ¯(U ∩B)≤ µ{(i1, i2, ...) : xi1,i2,... ∈U ∩B} ≤ µ{∪Q1Ii1,...,ik}
since if xi1,i2,... ∈U ∩B⊂ ∪Q1V¯i1,...,ik , then there is an integer k such that (i1, ..., ik) ∈ Q1 and thus
µ¯(B)≤∑
Q1
µ(Ii1,...,ik) =∑
Q1
(ci1 · · ·cik)s ≤∑
Q1
rs ≤ rsq
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since we have shown that ci1 · · ·cik ≤ r. Since any set F is contained in a ball of radius | F |
we have that µ¯(F) ≤| F |s q, so the mass distribution principle gives that H s(U) ≥ q−1 > 0
and thus the dimH(U) = s. And we also note that for this value the condition 0 < H s(U) < ∞
holds.
Corollary 4.3.
Let gi be contractions for all i, with the contraction ratios ci. Then it follows that dimHU ≤ s,
where s is given by the equation ∑mi=1 csi = 1.
This follows straight from the proof of proposition 4.12 as we note that instead of the equality
∑
Jk
|Ui1...ik |s=∑
Jk
(ci1 · · ·cik)s |U |s
we have the inequality
∑
Jk
|Ui1...ik |s≤∑
Jk
(ci1 · · ·cik)s |U |s
and continue as in the proposition 4.12.
Next we will study the lower bound of the Hausdorff dimension for invariant but not self-similar
sets. Usually finding a lower boundary is trickier than upper boundary and therefore this result
would be quite convenient.
Proposition 4.13.
Let functions gi be contractions, i ∈ (1,2, ...,m), such that | gi(x)− gi(y) |≥ bi | x− y | for all i
and suppose that U is the unique compact and invariant set for the functions gi. Additionally we
assume that the sets gi(U) are pairwise disjoint.
Then we have that dimHU ≥ s, where s is given by equation
m
∑
i=1
bsi = 1
Proof: Let d be a minimum distance between any pair of the compact disjoint sets g1(U), ...,gm(U),
rigorously defined d =mini 6= j inf{| x−y |: x∈ gi(U),y∈ g j(U)}. DenoteUi1,..,ik = gi1 ◦· · ·◦gik(U)
and define µ by µ(Ui1,..,ik) = (bi1 · · ·bik)s. Now since
m
∑
i=1
µ(Ui1,..,ik,i) =
m
∑
i=1
(bi1 · · ·bik ·bi)s = (bi1 · · ·bik)s = µ(Ui1,..,ik) = µ
(
∪ki=1Ui1,..,ik,ii
)
we have that µ defines mass distributor on U and µ(U) = 1, as in the proof of proposition 4.12.
If x∈U there is unique infinite sequence i1, i2, ... such that x∈Ui1,..,ik for any k. Let us choose num-
bers r and d such that 0< r< d and let k be the least integer such that bi1 · · ·bikd≤ r< bi1 · · ·bik−1d.
If i
′
1, ..., i
′
k is distinct from i1, ..., ik, the sets Ui′1,...,i
′
k
and Ui1,...,ik are disjoint and separated by a gap
of width at least bi1 · · ·bik−1 ·d > r.
To see this we note that if j is the least integer such that i j 6= i′j , thenUi j,...,ik ⊂Ui j andUi′j,...,i′k ⊂Ui′j
are separated by d, soUi j,...,ik andUi′1,...,i
′
k
are separated by at least bi1 · · ·bi j−1d. From this it follows
that U ∩Br(x)⊂Ui j,...,ik and thus
µ(U ∩Br(x))≤ µ(Ui j,...,ik) = (bi1 · · ·bik)s ≤ d−srs
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If F intersects U then F ⊂ Br(x) for some x ∈U with r =| F |. Therefore µ(F) ≤ d−s | F |s and
thus by the mass distribution principle we have that H s(U) > 0 and hence from the definition of
the Hausdorff measure dimH(U)≥ s.
Now with the proposition 4.12 we can calculate the Hausdorff dimension of the Cantor set and
the Koch curve.
Example 4.2. .
We will start with the Cantor set, and remember that it is the unique self-similar set with re-
spect to functions g1 =
1
3
x and g1 =
1
3
x+
2
3
. Both are clearly similarities with the ratio 1/3 and
we know that the open set condition holds. Thus we can use the proposition 4.12. Hence we know
that the Cantor set has the Hausdorff dimension s, where s satisfies
2
∑
I=1
csi = 1⇔ 2
1
3s
= 1
And hence we get that
s=
log2
log3
≈ 0,63
If we compare this to the usual topological dimension of the Cantor set, which is zero as it is to-
tally disconnected, we notice that the Hausdorff dimension is strictly greater than the topological
dimension, which was one of fractal’s usual properties.
For the Koch curve we have the four similarities discussed in examples of self-similarity 4.2,
and we remember that the contraction ratio was
1
3
for all of them. For using proposition 4.12 the
open set condition must hold, and we check this by choosing the set U which is the interior of the
triangle with vertices on points (0,0), (1,0) and
(
1
2
,
1
2
√
3
)
and notice that the open set condition
holds for the setU . Thus we can use proposition 4.12 and calculate in the similar manner as above
that the Hausdorff dimension s for the Koch curve is
4
∑
i=1
1
3s
= 1⇔ s= log4
log3
≈ 1,26
As we again compare dimensions we notice that the Koch curve has also greater Hausdorff dimen-
sion than the topological dimension, just like the Cantor set.
In the same manner it is easy to calculate the Hausdorff dimension of any strictly self-similar
set as long as we know the similarities that produce it and that it fulfills the open set condition.
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5 The dynamics of the Julia set
In this section we will discuss more about the Julia sets as fractals and what the critical points of
a polynomial f can tell us about structure of the Julia set. We will also define the Mandelbrot set
and examine its relation to the Julia sets of quadratic polynomials. Then we will proceed to give
an estimate for the Hausdorff dimension of the Julia set. This chapter is based mostly on [AS] and
[B], additionally I have used [CG] and [N]. Just like in the section three, in this section f denotes
always a polynomial such that deg f ≥ 2.
Theorem 5.1.
Let f be a polynomial. Then the following things are equivalent.
1. F∞ is simply connected
2. J( f ) is connected
3. There are no finite critical points of f in F∞
Proof: We have already shown that since F∞ is completely invariant 1 and 2 are equivalent by the
theorem 3.14.
We will next show that 1 implies 3. Assume that F∞ is simply connected. Applying the Riemann-
Hurwitz relation, theorem 3.16 to f from F∞ to itself we have that 1+ δ(F∞) = d and thus
δ(F∞ \ {∞}) = 0, where δ(F∞) is a deficiency, defined in the definition 2.5 and d = deg f . This
follows as we know that f has a deficiency d− 1 at the ∞, and thus there cannot be any finite
critical points in the component F∞.
To complete the proof we will show that 3 implies 1. We assume that there are no finite criti-
cal points in F∞. As F∞ is completely invariant with respect to f it follows that f n has no finite
critical points on F∞. This can be seen straight from the chain rule for the derivative and the fact
that if z is a critical point for f n, then ( f n)′(z) = 0. Now we can find a disc D centered at ∞, using
the spherical metric 2.1, such that f (D¯) ⊂ D ⊂ F∞. We define D0 = D and Dn = f−n(D) and get
that each Dn is a domain containing ∞ and satisfying D= D0 ⊂ D1, ....
Applying the Riemann-Hurwitz relation 3.16 to the map f n of Dn onto D and noticing, that there
are no finite critical points of f n in F∞, we get that
χ(Dn)+(dn−1) = χ(Dn)+δ f n(Dn) = dnχ(D)
As D is simply connected we have that χ(Dn) = 1 and hence Dn is simply connected. As F∞ is the
union of increasing sequence Dn of simply connected sets that share a common point ∞, it must
be simply connected.
As we remember that F∞ is completely invariant and consist of all points converging to infin-
ity, we get that F∞ is simply connected if all critical points have bounded forward orbits.
Corollary 5.1.
For the quadratic polynomials of the form f (z) = z2 + c, the Julia set is connected if and only if
the forward orbit of the origin is bounded.
Proof: For a quadratic polynomial f (z) = z2+c the origin is the only finite critical point. Thus by
the above theorem the Julia set is connected if and only if the origin does not belong to the set F∞,
which proves the claim.
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Next we will briefly introduce and define the Mandelbrot set, which is in very close connection
to the Julia sets of quadratic polynomials of form f (z) = z2 + c and contains a lot of information
about them. We are interested only in polynomials of form f (z) = z2+ c, because every quadratic
polynomial g(z) = az2 + 2bz+ d can be conjugated, definition 3.1, to a polynomial of this form.
This can be seen choosing c= ad+b−b2 and using the Möbius mapping h(z) = az+b to obtain
g(z) = h−1 ◦ f ◦h(z), which proves that f and g are conjugated. We will now prove that for these
polynomials, the Julia sets of f and g are connected in the following way
J(g) = h−1(J( f ))
Proof: Take an arbitrary z ∈ C such that h(z) ∈ J( f ). Then observe that gn(z) = h−1 ◦ f n ◦h(z) =
h−1 ◦ f n(x) where x= h(z) ∈ J( f ). Hence f n(x) stays bounded as n→∞ and thus also gn(z) stays
bounded as n→ ∞. Next we will show that in every neighborhood of such point there are points
that converge to infinity. This is clear since h maps any neighborhood of z to some neighborhood
of x and since the Julia set J( f ) is the boundary of the F∞( f ), we know that there are such points x′
in any neighborhood of x that f n(x′) converge to infinity. And thus also h−1 ◦ f n(x′) converges to
infinity as n→ ∞, hence h−1(J( f ))⊂ J(g). Then if we take any z1 ∈ C such that h(z1) /∈ J( f ) we
obtain that { f n(z)} form equicontinuous family in some neighborhood of the point h(z1). Hence
we know that also the family {h−1 ◦ f n(z)} form equicontinuous family in this neighborhood since
h−1 is a polynomial and hence satisfies the Lipschitz condition 2.1. Thus z1 ∈ F(g), which proves
the claim.
Definition 5.1. The Mandelbrot set
Let f be a quadratic polynomial of form f (z) = z2 + c. We define that those complex numbers
c belong to the Mandelbrot set, for which the Julia set of f (z) = z2 + c is connected. Due to the
corollary 5.1, we can equivalently state that c belongs to the Mandelbrot set if { f n(0)} forms a
bounded sequence.
Figure 3: The Mandelbrot set, picture courtesy of Wikipedia
The Mandelbrot set has fractal like properties, as can be seen from the picture. We will next show
that the Mandelbrot set lies inside the closed disc B¯(0,2).
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Let us assume | x |> 2. We start by studying the iteration of the origin under a polynomial
f (z) = z2+ x, and we immediately notice that f (0) = x.
We will show that for every n≥ 1 it holds that | f n+1(0) | − | f n(0) |≥ ε, where ε=| x | −2 > 0 is
a constant. First we check that this holds for n= 1. In this case we have that
| f 2(0) | − | f (0) |=| x2+ x | − | x |≥| x2 | −2 | x |= (2+ ε) | x | −2 | x |≥ ε
So the claim holds for n = 1. Now assume that claim holds for all k < n. Then we have that
| f n(0) |= p≥| x |+ε> 2. Next we calculate
| f n+1(0) | − | f n(0) |≥| ( f n(0))2+ x | −p≥ p2− | x | −p≥ 2p− p− | x |≥ ε
Thus we have that the claim holds for an arbitrary n. So in every iteration the modulus of f n(0)
increases at minimum with the constant ε> 0. Therefore it is clear that f n(0)→ ∞ as n→ ∞ and
x does not belong to the Mandelbrot set.
We presented earlier in the theorem 3.6 an example of the polynomial’s f (z) = z2− 2 Julia set
and noticed that it was connected, and thus the above result is the best possible. We also could
have noticed, that for the polynomial f (z) = z2− 2 the point 2 is in fact a fixed point, and hence
the family { f n(0)} is indeed bounded, since f 2(0) = 2. Hence the point c = −2 belongs to the
Mandelbrot set.
We will next show that if all critical points converge to infinity under iterations of f we have
that the Julia set is a Cantor-like set, also called the Cantor dust, meaning that it is totally discon-
nected. As we know the quadratic polynomials have only one critical point, so for them it holds,
that either the Julia set is connected or it is totally disconnected.
Theorem 5.2.
Let f be a polynomial. If all critical points of f converge to infinity under iterations of f the Julia
set is a Cantor dust.
Proof: Let us assume that all the critical points converge to infinity, so all critical points lie in
the component F∞. We have previously shown that F∞ is connected and the Julia set is the bound-
ary of F∞.
We know that as J is a bounded set we can find a bounded disc D′ such that J ⊂ D′ and ∂D′ ⊂ F∞.
Let us denote the set of critical points by C, and the forward orbit of the set of critical points by
C+. By our assumptions every critical point converges to infinity and thus there are only finitely
many points from the set C+ in the disc D′. Next we will construct a Jordan curve that separates
the Julia set from the set C+ such that the exterior part consist of points converging to infinity. We
do this by connecting every point of the set C+ that lies in D′ to the boundary of D′ with pairwise
disjoint simple arcs τi that lie in the F∞. This can be done since F∞ is connected and open, and thus
path-connected. Now we have two disjoint compact sets, the Julia set and the union of the bound-
ary of D′ and all the arcs τi, which is path-connected. Additionally the Julia set lies inside the disc
D′. Hence we can separate these two sets with a Jordan curve γ and since the set ∂D′ ∪ (∪ni=1τi)
is a compact subset of the open set F∞, we can choose the γ such that the exterior points belong to
the set F∞. We will denote the set of points that are enclosed by γ byU , the closure of the setU by
M =U ∪ γ and the exterior of the setU byW . ClearlyW ∪ γ is a compact subset of the component
F∞ and thus for some integer n it holds that
f n(W ∪ γ)⊂W
and therefore also
f−n(M)⊂U
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We additionally notice that all the critical values of f n are in the set C+, and we see that f n has
no critical values in the closure of the set U , where the critical value is just the value of a critical
point under function f n. This follows since every critical point of f n is in the set
{C, f−1(C), · · · , f−(n−1)(C)}, and thus f n maps such a point to the set C+.
We have proven that the Julia set is the same for f and f n with any integer n in the proposition
3.7. And hence we can rename f n as f , and set that d = deg f . With this we obtain
1. f (W ∪ γ)⊂W
2. f−1(M)⊂U
3. J ⊂U
Now f is an analytic map of each component of f−1(U) onto U . This follows as f−1(U) is de-
fined locally analytically on every point z ∈U , since there are no critical points in the set U and
as set U is simply connected, the monodromy theorem 2.10 gives that there exist a unique ana-
lytic continuation of f−1 on the set U . And as U is simply connected, the restriction of f to each
such component is a homeomorphism of that component onto U . Hence we can define branches
S1, ...,Sd of f−1 on M and the sets (S1(M), ...,Sd(M)) are pairwise disjoint compact subsets of M.
We will use these sets to show that J is a Cantor dust.
For each sequence (i1, ...in), where each i j ∈ {1,2, ...,d}, we will define that
M(i1, ...in) = Si1 ◦ · · ·Sin(M)
We notice that M(i1, ...in, in+1)⊂M(i1, ...in) and that for every fixed n sets M(i1, ...in) are pairwise
disjoint, and that there are dn sets in such a family. The sets M(i1, ...in) also fulfill the condition
∪di1,...,inM(i1, ...in) = f−n(M)
Now we will write
M∞ = ∩∞n=0 f−n(M)
We notice that M∞ is compact, as it is an intersection of compact sets, and non-empty, as it is an
intersection of nested non-empty sets.
Next we will show that in fact J ⊂M∞ and that M∞ is totally disconnected, which will complete
the proof.
By the definition of the set M the Julia set belongs to it. Hence as the Julia set is completely
invariant by the theorem 3.2, the Julia set must belong to M∞, since all points that do not belong
to M∞ are mapped outside M with some iteration of the function f .
So all that remains is to show that M∞ is totally disconnected. For this, we will study an arbitrary
component M′ of M∞. We remember that the family of sets M(i1, ...in) is pairwise disjoint and
thus M′ can belong to only one set in that family. Hence there is a sequence jn such that
M′ = ∩∞n=0M( j1, ..., jn)
Now only thing that remains to be proven is that | M( j1, ..., jn) |→ 0 as n→ ∞, showing that
diameter of every component converges to zero. For proving this we need a few results.
Lemma 5.1.
If a family {Sn} is such that each Sn is a single-valued analytic branch of some f−m in a domain
D, then {Sn} is normal in D.
Proof: Let A and B be disjoint cycles of f , each containing at least three points. Existence of
such cycles follows easily from the facts that there is only finitely many cycles with less that three
elements, that the Julia set is perfect, corollary 3.1 and that there is a periodic point in every neigh-
borhood of any point from the Julia set, theorem 3.11. Now {Sn} cannot map any point z ∈ D\A
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to A, since then for some m, z= fm ◦Sn(z) ∈ A. So the family {Sn} must be normal in D\A. The
same argument holds for B, and thus {Sn} is normal in D\B, and hence it is normal in their union,
which is D, as A and B were disjoint.
Therefore we have obtained that in the proof of main theorem the family {Sn} is normal in U
since every Sm is some branch of f−m.
Lemma 5.2.
Let the domain D and the family {Sn} be as in the previous lemma. Then if D meets the Julia set
any locally uniform limit φ of a subsequence of {Sn} is a constant.
Proof: For each n, let m(n) be such that Sn is a branch of ( fm(n))−1 in D. Then suppose that
Sn→ φ locally uniformly in D as n→ ∞ in some infinite set N1 of positive integers. We will aim
to show a contradiction if the analytic function φ is not a constant.
Assume φ is not a constant. Then each Sn is univalent in D, since Sn has a left inverse fmn. As φ
is not a constant, the Hurwitz’s theorem 2.8 implies that φ is univalent in D.
Next take any z ∈ D∩ J and draw a small circle γ about z, which with its interior lies in D. As
Sn→ φ uniformly on γ it follows from the argument principle, theorem 2.7 that for all sufficiently
large n ∈ N1, Sn(D) contains some neighborhood W of φ(z). Now we can use theorem 3.9. Since
as Sn(z)→ φ(z), φ(z) is also in J, since every Sn(z) is in J due to the complete invariance of the
Julia set. Thus there exists an integer k0 such that for all k ≥ k0, we have J ⊂ f k(W ).
Hence we can take n in N2 such that m(n)≥ k0 and obtain that
J ⊂ fm(n)(W )⊂ fm(n)(Sn(D)) = D
Finally, apply the above to any subdomain D0 ⊂ D that does intersect, but does not contain the
Julia set. We would have J ⊂ D0, which is false by our assumption on D0. Thus we see that
φ is constant in D0, and hence also in D, since φ is analytic function. This proves the lemma
5.2.
With these results we can move forward proving the original statement of theorem 5.2. From
the above lemmas it follows that any locally uniform limit of a subsequence of S j1 ,S j1 ◦ S j2 , ...
is a constant, and the limit exists by the normality of {Sn}. So we have obtained that this se-
quence converges locally uniformly to some point x on M, and that for a sufficiently large n,
the sets M( j1, ..., jn) lie in some preassigned arbitrary small neighborhood of x. This shows that
the diameter of an arbitrary component of the set M∞ converges to zero, and thus completes the
proof.
In this case we have proven that the Julia set is regarded as a fractal, since it does satisfy points 1,
2 and 4 in our list of typical properties for fractals, given on the page 26. For the point 1, note that
since all critical points converge to infinity, the Julia set is hyperbolic. We will later in the theorem
5.7 prove that its Hausdorff dimension is greater than zero, and thus it also fulfills the point 3 on
the list of typical properties for fractals.
Corollary 5.2.
The quadratic polynomials have only one finite critical point and thus it either converges to infin-
ity under iterations of f or stays bounded. Therefore the Julia set of such a polynomial is always
either connected or totally disconnected.
Next we will study when the Julia set of a polynomial f is a Jordan curve. For this we will
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need some results.
First result we need is the topological result known as the converse of the Jordan curve theo-
rem, which we will state in a generality sufficient to our needs and omit the proof. For inter-
ested readers the proof and a closer look at this theorem can be found for example in [N], page
166.
We will also need the notion of accessibility, which is present in this theorem. We say that every
point of the set A being accessible from the set B means that for every point z ∈ A there exists a
simple curve γ with one end point being z and all the other points belonging to B.
Theorem 5.3.
Let A be a bounded and closed set such that C\A consist of two open components B and C from
each of which it is at every point accessible. Then the set A is a Jordan curve.
This result is known as the converse of the Jordan curve theorem.
Now we will apply this to the Julia sets. Let f have two completely invariant components of
the Fatou set, denoted by F1 and F2, both containing either an attractive or a super-attractive fixed
point. In this case they are both simply connected, by the same reasoning as in proof of the theo-
rem 3.18.
As the F1 and F2 are both completely invariant, the Julia set is their boundary, which is proven
in the theorem 3.14. These are the only components of the Fatou set, which follows from the
Sullivan’s theorem as noted in the end of the theorem 3.18.
Thus we can apply the converse of a Jordan curve theorem if we know that the Julia set is ac-
cessible from both components F1 and F2, since then the conditions of converse of the Jordan
curve theorem are met with respect to the Julia set. Hence we have that the Julia set is a Jor-
dan curve. We will next study when this holds for a quadratic polynomial of form f (z) = z2 + c.
For this we will not use the no wandering domain theorem, but we require some additional re-
sults.
First we notice that the Julia set of a quadratic polynomial of form f (z) = z2 + c is centrally
symmetric. This follows as the points z and −z are both mapped to a same point by a polynomial
f (z) = z2 + c and thus they either both converge to infinity or stay bounded under iterations of a
polynomial f . As the Julia set is the boundary of the component F∞ we see from this that the Julia
set is indeed centrally symmetrical.
Additionally we will need the notion of expanding maps.
Definition 5.2. Expanding maps
We say that f is expanding on the Julia set if there exists an integer m such that
| ( fm)′(z) |> 1
holds for every point z ∈ J.
Next we will prove the following lemma that will give a connection between the expansive maps
and the Julia sets for some polynomials.
Lemma 5.3.
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Let f be a polynomial and C+ be the forward orbit of the set of critical points. If it holds that
J∩C+ = /0, then f is expanding on the Julia set.
Proof: Since J ∩C+ = /0 we know that we can find δz > 0 for every point z ∈ J such that
B(z,δ)∩C+ = /0. Thus in this disc we know that for every integer n the f−n has well defined
analytic branches Sn in B(z,δz), due to the theorems 2.1 and 2.10. Additionally we notice that
B(z,δz) intersects the Julia set, since z ∈ J. Hence we can use the lemmas 5.1 and 5.2 to obtain
that the family {Sn} is normal and Sni |B(z,δz)→ a when ni→∞, where a is some constant and {Sni}
any converging subsequence of the family {Sn}.
Now we claim that for the constant
δz
2
the following is true. For every 0 < ε < 1 it holds that
| S′n(x) |< ε for all x ∈ B(z,
δz
2
) and for every choice of Sn, where n> n0(z), and n0(z) is an integer
that depends on z.
To prove this, let {Sk} be an arbitrary sequence from the family {Sn}. Due to normality we would
have some subsequence {Ski} that converges in the disc B(z,δz), and we know that the convergence
must be towards a constant function and it must be locally uniform. Thus the derivatives of {Ski}
should converge locally uniformly towards the derivative of the limit function due to the Cauchy
integration theorem. But since the derivative of the constant function is zero in the whole closed
disc B¯(z,
δz
2
), we see that | S′ki(x) |< ε for all sufficiently big ki. This now gives the claim since
if it did not hold, we could choose a sequence {Sm} where | S′i(xi) |≥ ε for every positive integer
i and for some xi ∈ B(z, δz2 ). But this would be a contradiction to the result that every sequence
has a subsequence that converges uniformly to a constant function, as sequence {Sm} clearly does
not have a subsequence that would converge locally uniformly to a constant function on the disc
B¯(z,
δz
2
).
Next choose any ε < 1. We notice that f n ◦ Sn(x) is identical mapping for every choice of Sn.
Hence using the chain rule and assuming x ∈ B(z, δz
2
) and n> n0(z), we have that
1 =| ( f n)′(Sn(x)) | · | S′n(x) |≤| ( f n)′(Sn(x)) | ·ε
From this we obtain that | ( f n)′(w) |≥ 1
ε
for every w ∈ f−n(B(z, δz
2
)) and all n> n0(z). And since
we chose ε < 1 we have that | ( f n)′(w) |> 1. The discs B(z, δz
2
) provide an open cover for the
Julia set, and since the Julia set is compact, we know that there exists a finite subcover. So we
obtain that J ⊂ ∪ki=1B(zi,
δzi
2
). Then, due to the complete invariance of the Julia set, we know that
J ⊂ ∪ki=1 f−m(B(zi,
δzi
2
)) for every integer m.
From this it follows that
| ( f n)′(z) |> 1
for every z ∈ J and for every integer n> max1≤i≤k{n0(zi)}, which completes the proof.
Theorem 5.4.
For quadratic polynomials of the form f (z) = z2+ c the Julia set is a Jordan curve, if there exist a
finite attracting fixed point.
Proof: For the polynomials of form f (z) = z2 + c the point ∞ is always a super attractive point
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and the component F∞ is always completely invariant. We will next try to find another completely
invariant component with attracting or super-attracting fixed point.
Let us denote the derivative in a fixed point by λ. So λ = f ′(z) = 2z, where z is a fixed point.
We will now find points in the Mandelbrot set for which it holds that there exist a finite fixed
attracting point.
For fixed points it holds that
c=
2z
2
· (1− 2z
2
) = z(1− z) = z− z2⇔ z2+ c= z
As we are interested in finding points c, for which fixed points are attractive, we have the condition
| λ |< 1. And thus we have that the set of points that satisfy this condition is
CM =
{
λ
2
· (1− λ
2
) :| λ |< 1
}
This set is a subset of the Mandelbrot set, since every polynomial f (z) = z2 + c, where c is from
this set, has a finite attractive fixed point, and hence the Fatou set must have a finite simply con-
nected component that contains the finite attractive fixed point. Let us denote this component by
Fc. Since the Julia set contains the boundary of the component Fc, the Julia set cannot be totally
disconnected. Thus we obtain from the corollary 5.2 that the Julia set must be connected. The set
CM is called the main cardioid of the Mandelbrot set.
Since the Julia set is connected for polynomials f (z) = z2+ c, where c is from the main cardioid,
the component F∞ is simply connected and as always completely invariant. We notice that the
component Fc coincides with the immediate basin of attraction of the finite attractive fixed point.
We will next show that this component is completely invariant with respect to f .
In the theorem 3.17 we proved that the immediate basin of attraction of the attractive point must
hold a critical point. In addition we know that it is a forward invariant set, since it holds a fixed
point. We can connect the finite attractive fixed point to the critical point, which for this f is the
origin, by a curve γ for which it holds that γ ∈ Fc, since every component of the Fatou set is open
and connected, and thus path-connected. For the backward invariance we first note that if Fc is not
a backward invariant set, then the branch of f−1 that does not fix the fixed point, let us denote it
by S2, would map the component Fc to some other component of the Fatou set. Thus it is enough
to find one point from the component Fc such that S2 maps it to the component Fc for proving that
Fc is backwards invariant.
Now we will use the central symmetry of the Julia set and notice that the component Fc must be
central symmetric, since it contains the origin and its boundary consists of points that belong to
the Julia set. Additionally we calculate that f−1(0) = {±√−c} and see that branches S1 and S2
map the origin to a central symmetric points, where S1 is the branch that fixes the finite attractive
fixed point. It follows from the definition of S1 that S1(Fc) ⊂ Fc, so especially S1(γ) ⊂ Fc. Ad-
ditionally S1(γ) is a curve that connects the finite fixed point to the point S1(0). Thus the curve
γ′ = γ∪ S1(γ) is contained in the component Fc and connects the origin to the point S1(0). Tak-
ing the mirrored curve of γ′ with respect to the origin we obtain the curve γ′′ which is contained
in the component Fc due the central symmetry of Fc and connects the origin to the point S2(0)
due to the central symmetry of the points S1(0) and S2(0). Now if we take the curve γ′ ∪ γ′′ we
obtain a curve that is contained in the component Fc and connects the points S1(0) and S2(0).
This shows that the branch S2 maps the origin to a point in the component Fc, which proves the
claim.
Next we need to show that the Julia set is accessible from the both components Fc and F∞. For a
polynomial of form f (z) = z2 + c, where c is from the main cardioid, we know that the origin is
the only finite critical point, and that it converges towards the finite attractive fixed point. Hence
J ∩C+ = /0 and the conditions of the lemma 5.3 are satisfied. So we know that there exists such
an integer m that | ( fm)′(z) |> 1 for every z ∈ J. And since the Julia set is compact, we obtain that
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| ( fm)′(z) |≥ k > 1 for all z ∈ J. Since the Julia set is same for the polynomials f and fm, we can
simplify the notation and denote fm = f and assume that | f ′(z) |≥ k> 1 for all z ∈ J. From this it
follows that we can find a δ> 0 such that the condition | f ′(x) |≥ k> 1 holds for all x ∈ Jδ, where
Jδ = {x ∈ C :| x− z |< δ for some z ∈ J}. Clearly Jδ is a neighborhood of the Julia set, and next
we will show that the preimages of every point in it contract at some specific rate towards the Julia
set. First note that for an arbitrary point y∈ Jδ we can find a point z∈ J such that y∈ B(z,δ). Addi-
tionally, since the Julia set is completely invariant, it holds that f−1(zi)⊂ J for every zi ∈ J. Then
since the condition | f ′(x) |≥ k> 1 holds for every point in the set Jδ it follows that every branch of
f−1 contracts any ball B(zi,r)⊂ Jδ, zi ∈ J in the following way, Si(B(zi,r))⊂ B(Si(zi),cr) where
c=
1
k
< 1 is the ratio of contraction and a constant. Thus the ball B(z,δ) gets mapped inside a ball
B(Sn(z),cnδ) for every integer n and for every branch Sn ∈ f−n, which shows that the preimages
of any point y ∈ Jδ converges towards the Julia set with some specific rate. From the previous
computation it also follows that f−1(Jδ)⊂ Jδ.
We will now show that every point in the Julia set is accessible from the component F∞, and the
accessibility from the component Fc can be verified in a similar manner.
Choose an arbitrary point x ∈ F∞ ∩ Jδ, and notice that then f−n(x)→ J uniformly. Next denote
the length of an arbitrary curve θ ⊂ F∞ ∩ Jδ with | θ |. Choose a constant A, such that we can
connect the point x to any of its preimages f−1(x) with a simple curve which length is at most
A and which is contained in the set F∞ ∩ Jδ. Let us then define a family of curves σx, with
σx = {∪∞n=0Sin ◦· · ·◦Si1(ρi)}, where i∈ {1,2}, S1,S2 are the branches of f−1 and ρ1,ρ2 are simple
curves between the points x,S1(x) and x,S2(x) respectively such that they both lie in the set F∞∩Jδ
and A ≥| ρi |. Then we claim that the length of an arbitrary representative σ¯x from the family σx
is uniformly bounded. Now since all branches of f−1 are contractions in the set Jδ we know that
| Si(θ) |≤ c | θ |, where c< 1 is a ratio of contraction and is a constant. Then it follows that
| σ¯x |=
∞
∑
n=0
| Sin ◦ · · · ◦Si1(ρi) |≤ A
∞
∑
n=0
cn ≤C ·A
Where the final step comes from the fact that the geometric series converge to some constant C
when c < 1. Hence the length of an arbitrary representative σ¯x of the family σx is uniformly
bounded.
Next we will show that for every z ∈ J there exists some sequence of branches of f−1 such that
limn→∞ Si1 ◦ · · · ◦ Sin(x) = z. Choose an arbitrary z ∈ J and a sequence {εn}∞n=0, defined with
ε0 = 1 and εn+1 =
εn
2
. We know that x is not an exceptional point, since f ′(x) 6= 0. So using
the proposition 3.6 we obtain that there exists an integer k such that f−k(x) intersects B(z,ε),
meaning that x1 = Ski ◦ · · · ◦S1i(x) ∈ B(z,ε). Now if x1 ∈ B(z,ε1) we choose x2 = x1 and study if
x2 ∈ B(z,ε2). And if x1 /∈ B(z,ε1) we obtain again using the proposition 3.6 that f−k1(x1) inter-
sects B(z,ε1) for some integer k1. Then we obtain that x2 = Sik1+k ◦ · · · ◦ Sik+1 ◦ Sik ◦ · · · ◦ Si1(x) ∈
B(z,ε1). Continuing like this we obtain a sequence of points {x j}∞j=1 such that x j → z, since
εn→ 0. Thus we have branches Si of f−1 such that Sin′ ◦ · · · ◦Si1(x) accumulates to the point z as
n′→ ∞.
But since an arbitrary curve from the family σx had a finite length we know that any such curve
must converge towards some point. Thus the curve σ¯x that accumulates towards the point z must
also converge towards it, since if a curve converges towards some point it can accumulate only
to that point. Hence we can construct a curve σ¯x which has a starting point x and which con-
verges towards a pre-defined z ∈ J. From the construction it follows that σ¯x ⊂ F∞, since the
component F∞ is completely invariant. So as we take the closure of the σ¯x we obtain a curve
with a finite length, which one endpoint is the point z and all the other points belong to the
component F∞. This curve might intersect itself and hence not be simple, but we can make a
simple curve out of it by cutting out all loops. This can be done with the following construc-
tion.
First we notice that if we have a simple curve φ ∈ F∞ ∩ Jδ, then also the curve Si(φ) where
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i ∈ {1,2} must be a simple curve, since Si is a homeomorphism. Then with this result we start
the actual construction of a simple curve. Start from the simple curve ρi and construct the curve
ρi ∪ Si1(ρi). If this curve is simple we proceed to study the curve ρi ∪ Si1(ρi)∪ Si2 ◦ Si1(ρi). If
the curve ρi ∪ Si1(ρi) is not simple the curve Si1(ρi) must intersect the curve ρi at least two
times. This follows since if the simple curves ρi and Si1(ρi) would intersect only at the point
Si1(x) the curve ρi ∪ Si1(ρi) would be simple. Next choose the last point at which the curve
Si1(ρi) intersects the curve ρi and denote it by b. Denote the part of the curve ρi that starts
from the point x and ends to the point b by ρ¯i and the part of the curve Si1(ρi) that starts from
the point b and ends at the endpoint of the curve Si1(ρi) by S¯i(ρi). Then construct a curve
ρ¯i ∪ S¯i(ρi). The curve we obtain this way is simple, since it is a union of two simple curves
that intersect only at the point b, which is the end point of the curve ρ¯i and the starting point
of the curve S¯i(ρi). Additionally it is shorter than the curve ρi ∪ Si1(ρi) and it has the same
starting point and ending point as the curve ρi ∪ Si1(ρi). Next we proceed to study the curve
ρ¯i∪ S¯i(ρi)∪Si2 ◦Si1(ρi).
By iterating this construction we obtain a simple curve with finite length that converges towards
the point z and lies in the set F∞. So taking the closure of this curve we obtain a simple curve
which one endpoint is z and all the other points lie in the set F∞. Thus the Julia set is accessible
from the component F∞ and the proof for the component Fc is similar.
Therefore we can apply the converse of the Jordan curve theorem, theorem 5.3 and obtain that the
Julia set must be a Jordan curve as soon as we have proven that there are no other components in
the Fatou set. For this we will use the following lemma.
Lemma 5.4.
Let us assume that C+∩ J = /0. Then it holds that
F( f ) = ∪γA(γ)
Where γ is the set of attractive periodic cycles and A(γ) are their basins of attraction.
Proof: Let Fi be a component of the Fatou set. Then it follows that ∂Fi ⊂ J. Additionally we
know that there exists a subsequence {nk} such that f nk |Fi → g uniformly on compact subsets of
Fi due to normality and g is analytic since every f nk is analytic.
Assume first that g is not a constant function. Now g(Fi) is a domain since g is analytic and thus
an open mapping. Additionally we claim that ∂g(Fi) ⊂ J. This follows since if z ∈ ∂g(Fi), then
f nk(Fi)∩B(z,ε) 6= /0 for every nk > n(ε). Now if we assume that z ∈ F then there exist some ε> 0
such that B(z,ε)⊂ F , and thus B(z,ε)⊂ f nk(Fi) since B(z,ε) cannot belong to more than one com-
ponent of the Fatou set. But from this it follows that B(z,ε)⊂ g(Fi), which is a contradiction and
our claim holds.
We assumed that C+ ∩ J = /0 and hence if z ∈ ∂g(Fi) we can find a disc D centered at the point
z such that D ∩C+ = /0 and D ∩ J 6= /0. Now as we assumed that g is not a constant func-
tion and it holds that f nk |Fi → g, we have that f−nk ◦ g(z)→ h(z) where h(z) is identical map-
ping in compact subsets of g−1(D)∩Fi. This gives that f−nk |D does not converge towards con-
stant, which is a contradiction to the lemma 5.2. So we know that g must be a constant func-
tion.
Assume then that g is a constant function g ≡ a, where a ∈ J. Due to the assumptions we can
choose an ε> 0 such that B(a,ε)∩C+ = /0. Thus by the lemma 5.2 we have that | f−n(B(a,ε)) |→
0. Now let K ⊂ Fi be compact. Then it holds for all sufficiently big nk that f nk(K) ⊂ B(a,ε)⇒
K ⊂ f−nk(B(a,ε)), which is a contradiction since f−nk(B(a,ε)) converges towards a point in the
Julia set and K is a compact subset of the Fatou set.
The above gives that g ≡ a and a ∈ F . Let W be the component of the F that contains the point
a. Then f nk(Fi) =W for all k ≥ k0 since they are both components of the Fatou set and their
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intersection is nonempty when k0 is large enough.
Denote m = nk0+1− nk0 . Then it holds that fm(W ) = f nk0+1−nk0 f nk0 (Fi) = f nk0+1(Fi) =W and
f nk−nk0 |W → a uniformly on compact subsets of W . Next we denote nk− nk0 = mjk− s where
0 ≤ s < m, and notice that then fmjk |W → a uniformly on a compact subset of W . Thus fm(a) =
fm(limk→∞ fmjk(a)) = limk→∞ fmjk( fm(a)) = a, since fm(a) ∈W . Hence a is m-periodic.
We can choose ε> 0 such that B(a,ε)⊂W . Hence fmjk |B(a,ε)→ a, and we note that | ( fmjk)′(a) |=|
( fm)′(a) | jk→ 0. This gives that | ( fm)′(a) |< 1 and shows that a is m-periodic attractive point.
Now it holds that f nk |Fi→ a and thus Fi ⊂ A(γ) where γ= {a, f (a), ..., fm−1(a)}, which concludes
the proof of the lemma.
As our polynomial f (z) = z2 + c where c is from the main cardioid satisfies the conditions of
the previous lemma we know that the Fatou set consist of attractive basins, F( f ) = ∪γA(γ). On
the other hand from the corollary 3.5 we get an upper bound deg f − 1 for the number of finite
attractive cycles. So in this case we can have only one finite attractive cycle and we already know
that it is just the attractive fixed point, which we will denote by zc. Additionally we have shown
that the component Fc containing the point zc is completely invariant and thus the component Fc
coincides with the basin of attraction of the attracting fixed point zc. The same holds for the com-
ponent F∞ and the attractive fixed point ∞. Hence there can be no other components in the Fatou
set.
Therefore we can apply the converse of the Jordan curve theorem, theorem 5.3, since the comple-
ment of the Julia set consist of two components F∞ and Fc which both contain an attractive fixed
point, and the Julia set is accessible from both of them. Thus the Julia set is a Jordan curve for a
polynomial f (z) = z2+ c when c is from the main cardioid.
We have obtained that there are three possibilities for the Julia set of a quadratic polynomial.
1. The Julia set is a Jordan curve
2. The Julia set is connected, but not a Jordan curve
3. The Julia set is a Cantor dust
Our very first example of the Julia set was of form 1, since the Julia set of the polynomial
f (z) = z2 is just the boundary of the unit disc and it is clearly a Jordan curve. But clearly this
Julia set is not a fractal, so next we show a picture of the Julia set that is a Jordan curve and a
fractal, in a sense that we have described in this paper. In the picture the interior of the Julia
set and the Julia set itself are both colored with black to make the picture clearer, so the Ju-
lia set is just the boundary of the set colored with black. This set is called the filled-in-Julia
set.
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Figure 4: Filled-in-Julia set of f (z) = z2− 0,6, which I generated using the following program
www.easyfractalgenerator.com
We will illustrate the second possibility next. When the Julia set is connected but not a Jordan
curve it can be either intersecting itself or forking. We will give an illustration on the both cases.
Figure 5: The Julia set of the polynomial f (z) = z2 + i, picture taken from
http://personal.maths.surrey.ac.uk/st/H.Bruin/res.html.
This is the forking case. On the next page we have the intersecting case.
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Figure 6: The Julia set of the polynomial f (z)≈ z2−0,1226+0,7449i, called the Douady rabbit.
Picture taken from http://en.wikipedia.org/wiki/File: Douady rabbit.png
The last possibility is that the Julia set is a Cantor dust, example given next. In this case the picture
is not as clear as in the previous cases as it is hard to illustrate a Cantor set. We stress the fact that
this set is totally disconnected, even if it would look like there are some small connected discs is
the picture.
Figure 7: Julia set of the polynomial f (z) = z2 + 0,285 + 0,01i, picture taken from
http://en.wikipedia.org/wiki/File:Julia0.2850.01.png
We have covered every possible form of the Julia set of quadratic polynomials and it is one of the
types illustrated above. For higher degree polynomials there are more possibilities as they have
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more finite critical points and therefore we can have situations where some critical point stays
bounded under iterations and some other does not. We will now give an example of such behav-
ior.
Example 5.1.
We will study the structure of the Julia set of the polynomial f (z) = z2− z
3
9
. First we will note
that f (z) has critical points at 0,6 and ∞. Additionally it has super-attracting fixed points at 0 and
∞, which are lying in the components F0 and F∞. These components F0 and F∞ must be separate,
since no component can contain two attractive fixed points. We will prove that
1. F∞ contains the domain A= {z :| z |> 10}
2. F0 contains the disc D=
{
z :| z |< 9
10
}
3. F∞ contains the circle C = {z :| z |= 6}
For the first part, if | z |> 10, then
| f (z) |
| z | =| z | · |
(
z
9
)
−1 |≥ | z |
9
≥ 10
9
And thus the first part holds, since every point z, satisfying condition | z |> 10 converges to infinity
under iterations of f .
For the second part we notice in a similar manner that if | z |≤ 9
10
, we obtain that
| f (z) |
| z | |≤| z | · | 1+
| z |
9
|≤ 99
100
and thus all such points converge to 0 and belong to the component F0.
For the third point we notice that if | z |= 6, then we have that
| f (z) |≥| z |2 ·
(
1− | z |
9
)
= 12
And hence we know from the part one that C lies in the completely invariant component F∞.
Next we notice that as 9 is mapped onto 0 with f , we have that 9 /∈ F∞. And thus as F∞ con-
tainsC but not the point 9 it cannot be simply connected. Therefore by the theorem 3.14 it must be
infinitely connected. We also know that the Fatou set has at least three components as the compo-
nent containing 9 is separated from F0 by the set C which belongs to F∞. And thus by the theorem
3.19 we see that it has infinitely many components which are all simply connected by the theorem
3.14, and all components, except F∞ are bounded.
Hence the Julia set must have infinitely many components but it is not a Cantor set, as for example
the boundary of the simply connected component F0 belongs to it.
Next we will prove some more results about the Julia and the Fatou sets, aiming to the theo-
rem which would let us approximate the Hausdorff dimension of the Julia sets.
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Theorem 5.5.
Let f be a polynomial and E be a compact subset of the complex plane such that for every
z ∈ F( f ) the sequence f n(z) does not accumulate at any point in E. Furthermore let U be
any open set containing J. Then we have that f−n(E) ⊂ U for all sufficiently large integers
n.
Proof: We will prove the claim by a contradiction, so assume for the moment that the claim is
false. Thus we would have some open set U which contains J, and additionally we have some
sequence n1,n2, ... such that zni belongs to f
−ni(E) but not to U . Without the loss of generality
the points zni converge to some point w, since for all positive integers n it holds that f
−n(E) ⊂ D
where D is some closed disc centered at the origin. From this it follows that all points zni belong
to the closed and bounded set D\U and thus they have a converging subsequence, which we can
choose to replace n1,n2... if needed. Hence as U is open w /∈U , and clearly w ∈ F as the Julia set
was contained in the set U .
Now as the family { f n} is equicontinuous on every point z ∈ F we can choose an arbitrary ε> 0
and there exists a positive δ such that for all points z satisfying d(z,w)< δ it holds that
d( f n(z), f n(w))< ε, for all integers n. Thus for the large enough ni it holds that
d( f ni(zni), f
ni(w))< ε
and that f ni(zni) ∈ E. We claim that the sequence f ni(w) accumulates to some point in E, which
would be a contradiction, and thus the claim would hold. This can be seen in the following way.
We know that only finitely many points f ni(w) do not belong to the set {x : d(x,E) ≤ 1}, which
we can obtain by choosing ε= 1. This set is closed and bounded subset of the complex plane, so
there exists an accumulation point. Next we will show that this accumulation point must belong
to the set E. Let us assume that a point k is an accumulation point and k /∈ E. Then d(E,k) = s
must be positive since the sets E and k are compact and disjoint. But now we can choose ε =
s
2
and we see that f ni(w) ∈ {x : d(x,E) ≤ s
2
} for all ni > m where m is some constant. Hence
there is at most finite number of points from the sequence f ni(w) in the disc B(k,
s
2
) which is a
contradiction. This shows that there exists an accumulation point of the sequence { f n(w)} that
belongs to the set E, which is a contradiction to assumptions of the theorem and thus proves the
claim.
Theorem 5.6.
There exists a point z ∈ J such that | f ′(z) |> 1 if every point in the Fatou set converges towards
an attractive cycle.
Proof: Let us assume that the claim is false. Then for every z ∈ J it holds that | f ′(z) |≤ 1.
We will first check the case when there exists a point z1 ∈ J such that | f ′(z1) |< 1. Now there
exists some neighborhoodU of z1 such that | f ′(x) |< 1 for all x∈U . By makingU smaller we can
assume that there are no points from the attractive cycles in the set U , since there is only finitely
many attractive cycles as noted after the proof of the corollary 3.5 and all attractive cycles lie in the
Fatou set, due to the corollary 3.3. We know that in this neighborhood there exists a periodic point,
by the theorem 3.11. This periodic point can not belong to the Fatou set since by our assumption
every point in the Fatou set converges towards some attractive cycle. Thus this periodic point is in
the Julia set. Let us denote it by z2 and its period by n. But now as we calculate the derivative of
( f n)′(z2) and remember that by our assumption | f ′(z) |≤ 1 for all z ∈ J we obtain
| ( f n)′(z2) |=|
k=n−1
∏
k=0
f ′( f k(z2)) |< 1
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This is a contradiction since as mentioned above all attractive cycles must lie in the Fatou set.
Then assume that | f ′(z) |= 1 for every z ∈ J. Then especially there are no critical points in the
Julia set. And since every point in the Fatou set converges towards some attractive cycle we know
that J∩C+ = /0. Thus f is expanding on the Julia set and the claim holds.
Next we notice that as f is a polynomial the | f ′(z) | attains its finite maximum on the Julia
set, as the Julia set is compact and f ′(z) is continuous. Therefore we can define
K0 = max{| f ′(z) |: z ∈ J}
From the theorem 5.6 we see that K0 > 1 when every point in the Fatou set converges to at-
tractive cycle. To show that K0 > 1 for an arbitrary polynomial f we refer to the corollary
3.2 from which it follows that the Julia set contains a repelling cycle. Now with this defi-
nition we will proceed to the next theorem where we will give an estimate for the Hausdorff
dimension of the Julia set. In the proof we will use the following notation. We will denote
the normal Euclidean distance of given sets A, B by d[A,B] and the cardinality of a set A by
|| A ||.
Theorem 5.7.
Let f be as usual a polynomial of degree d, where d is at least two. Then we have that
dimH(J)≥ logdlogK0
Proof: We will denote the δ-paraller body, defined just before the definition 4.10, of J by Jδ, and
denote
K(δ) = sup{| f ′(z) |: z ∈ Jδ}
We see immediately that 1 < Ko < K(δ)< ∞, and K(δ)→ Ko as δ→ 0. We will prove that
dimH(J)≥ logdlogK(δ)
From which the claim follows as δ→ 0. To simplify notation we will denote K(δ) by K as δ will
not vary while we prove this inequality. Additionally we can assume that δ< 1.
We will first find a point a such that for every n the set f−n(a) has exactly dn elements and
that as n→ ∞ the set f−n(a) converges to the Julia set.
To find such a point we first note that as there are only finitely many critical points the set
∪∞n=1 f n(C), where C is the set of critical points, is countable. Thus we can choose some finite
point a in the set F∞, which does not have any critical points in its backward orbit. Hence for
this point there are exactly dn elements in the set f−n(a) for every integer n. It follows from the
theorem 5.5 that the backward orbit of such point does converge towards the Julia set since we
know that in the set F∞ \∞ every point converges to ∞, and thus the forward orbit of any point in
the Fatou set does not accumulate to a. Hence we have found a point a with the desired proper-
ties.
So we obtain that there is such an integer m that f−n(a)⊂ Jδ when n> m. We may now replace a
with some point in f−n(a) for some integer n> m and relabeling the chosen point as a we get
∪∞n=0 f−n(a)⊂ Jδ
Next we will introduce some notations used in the proof.
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1. f−n(a) = {an(i) : i= 1, ...,dn}
2. dn = d[J, f−n(a)] and thus d0 = d[J,a]
3. µn is a uniform probability measure on f−n(a). So the µn places a measure of d−n on every
an(i), hence for every set E the following holds µn(E) = d−n· || {i : an(i) ∈ E} ||
We know that dn < δ and theorem 5.5 implies that dn→ 0 as n→ ∞.
Next we will prove a lemma needed for proving the theorem.
Lemma 5.5.
With the notation of the theorem 5.7 it holds that dn ≤ Kdn+1, and thus d0 ≤ Kd1 ≤ K2d2 ≤
·· ·
Proof: Let z ∈ J and an+1(i) be arbitrary. Then one of the following holds
1. δ≤| z−an+1(i) |
2. | z−an+1(i) |< δ
If 1 holds, we remember that K > 1 and dn < δ, and obtain that
dn < δ< Kδ≤ K | z−an+1(i) |
If 2 holds, then the linear segment from z to an+1(i) lies entirely in the Jδ. Hence | f ′(x) |≤ K on
this segment. As f (z) and f (an+1(i)) are in J and f−n(a) respectively we get
dn ≤| f (z)− f (an+1(i)) |≤ K | z−an+1(i) |
Thus we have in both cases that dn ≤ K | z−an+1(i) |. By letting z and an+1(i) vary we obtain the
claim, and thus the lemma is proven.
With this lemma we proceed with the proof of the main theorem. We will first prove it in the
case that J does not contain critical points and afterwards take a look at what changes need to be
done in order to get the universal case proved. Everything done this far remains valid without this
assumption.
This assumption gives us that for each z ∈ J there exists a positive rz such that f is univalent
in the disc B(z,rz), since f is analytic and its derivative is non-zero on the point z. Now the discs
B(z,rz) form an open cover for the compact set J. So by the Lebesgue’s covering theorem, theorem
2.9, there exists a positive θ such that f is univalent on each disc B(z,θ), where z ∈ J. We may
degrease the θ if we wish, so we can obtain a θ that is smaller than δ. Additionally we can choose
such a positive integer q that the following holds
d0
Kq
< θ< δ
Next we will prove another lemma needed for the proof, which proves that points f−n(a) are dis-
tributed in some sense evenly around the Julia set.
Lemma 5.6.
54
For all z ∈ J, and all integers n, m satisfying n ≥ 1, m ≥ q, there are at most dn+q−m points from
the set f−n(a) in a disc B
(
z,
d0
Km
)
. Thus the following equation holds
|| B
(
z,
d0
Km
)
∩ f−n(a) ||≤ dn+q−m
Proof: We shall prove this for all z∈ J, and for all n≥ 1 by an induction over m, where m≥ q as in
the assumptions. First we check that claim holds for all z ∈ J and all integers n≥ 1 in the case that
m= q. In this case the right side of equation is dn. But we know from the assumptions regarding
a that in the set f−n(a) there are dn elements. Thus the inequality holds, as there can be at most
as many elements in the intersection as there is in one of the sets in intersection.
Now we will assume that claim holds for all integers m, where q ≤ m ≤M and prove that for all
z ∈ J and for all n≥ 1 it holds that
|| B
(
z,
d0
KM+1
)
∩ f−n(a) ||≤ dn+q−(M+1)
We will first suppose that n = 1. Then we obtain from the lemma 5.5, and from the fact K > 1,
that the following holds
d0
KM+1
<
d0
K
≤ d1 = d[J, f−1(a)]
This means that in this case none of the points a1(i) are within the distance of
d0
KM+1
of J. Thus
the left-hand side of inequality in the claim is zero and hence the claim holds.
Next we will assume that n≥ 2, and especially n−1≥ 1. Then it holds that
d0
KM+1
<
d0
Kq
< θ< δ
Thus f is univalent on the disc B
(
z,
d0
KM+1
)
and | f ′(x) |≤ K for all x ∈ B
(
z,
d0
KM+1
)
. From this
we obtain that f is univalent map of B
(
z,
d0
KM+1
)
into the disc B
(
f (z),
d0
KM
)
. And hence the
distinct points of f−n(a) in B
(
z,
d0
KM+1
)
are mapped to distinct points of f−(n−1)(a) in the disc
B
(
f (z),
d0
KM
)
. From this we get using the induction step, the fact that n−1≥ 1 and the complete
invariance of the Julia set the following inequality
|| B
(
z,
d0
KM+1
)
∩ f−n(a) ||≤|| B
(
f (z),
d0
KM
)
∩ f−(n−1)(a) ||≤ dn−1+q−M = dn+q−(M+1)
Hence we have proven our lemma for every n and m.
Now we will continue with the proof of our main theorem. Rewriting the lemma 5.6 in terms
of the probability measures µn defined earlier in the proof we get
µn
(
B
(
z,
d0
Km
))
≤ d
q
dm
We will next aim at modifying this inequality in such a way that we can use the mass distribution
principle, proposition 4.9. For that we need to be able to give an upper bound for the Hausdorff
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measure on small discs.
If 0 < r <
d0
K
, then there is some positive integer m such that
d0
Km+1
< r ≤ d0
Km
. Now denote t =
logd
logK
, and notice that for this choice of t it holds that Kt = d. With this we can proceed and obtain
µn(B(z,r))≤ µn
(
B
(
z,
d0
Km
))
≤ d
q
dm
=
dq
Kmt
≤ dq
(
rK
d0
)t
=
(
dq+1
dt0
)
rt
We will then use the theorem 6.4, which states that we have some subsequence of the {µn} that
converges weakly to some probability measure µ supported on J, in such a way that the above
condition is inherited by µ.
With this result we obtain that for all z in J and all r in (0,
d0
K
), we have the following
µ(B(z,r))≤
(
dq+1
dt0
)
rt
And this with the proposition 4.9 shows that dimH(J) ≥ t = logdlogK , since
(
dq+1
dt0
)
is just a con-
stant, and the above inequality holds for all discs that have a positive, but small enough radius and
which are centered at any point z ∈ J.
This proves the claim in the case that there are no critical points in the Julia set. Next we will
try to get rid of this assumption.
Now assume that f has critical points in the Julia set. Let us denote the set of critical points
that lie in the Julia set byCJ = {c1, ...,ck}. As these are critical points of the function f , its deriva-
tive is zero at these points. Thus any iterate fm(ci) has also derivative zero in these points. Hence
no iterate of f can fix any of these points, since if it would, then that point would be a super-
attracting fixed point and thus lie in the Fatou set by the theorem 3.12.
Therefore for every i it holds that there exists an integer n1 such that f n(ci) lies outside CJ
when n > n1. This can be seen from the fact that as set CJ is finite and none of the iterates of
a function f can fix any point in it, the iteration of any ci can return to CJ only finitely many
times. And from this it follows that we can choose n1 to be that n for which the iteration f n(ci)
returns to the set CJ for the last time, and thus for all n > n1 the f n(ci) lies outside the set
CJ .
This can be done for all finitely many points in the setCJ , and hence we can choose the maximum
of such n1 and obtain a constant p such that f n(CJ) is disjoint from CJ when n≥ p. We will now
fix p to be any integer satisfying this condition.
Next we will choose any positive ρ satisfying conditions
1. The discs B(c j,2ρ) are disjoint
2. | ( f p)′(y) |≤ 1 on each disc B(c j,2ρ)
3. 4ρ< d[ f p(CJ),CJ]
Next we will define
H = J \∪kj=1B(c j,ρ)
From the definition of the set H it follows that it is a compact subset of J and it does not intersect
CJ . Now we can obtain in a same manner that we used in an earlier part of the proof, using the
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Lebesgue’s covering theorem 2.9, that there is a positive number θ such that f is univalent on a
disc B(z,θ) when z ∈ H.
Next we will define q modifying it from what it was in a previous part of the proof. We will choose
q that satisfy q> p and
d0
Kq
< min{θ,ρ,δ}
We will next show that with these modifications the lemma 5.6 remains valid and the rest of
the proof follows as in the previous case. Thus the whole proof will hold.
Proof for lemma 5.6 with modifications: We will again use an induction on m for all m ≥ q,
and as before the inequality which we are proving is
|| B
(
z,
d0
Km
)
∩ f−n(a) ||≤ dn+q−m
and it holds when m= q for the same reason as in the previous proof of this result.
Next we assume that the inequality holds for all z ∈ J, for all n ≥ 1, and for all m that satisfy
q≤ m≤M. Then we prove that the inequality holds for M+1, thus we have to show that
|| B
(
z,
d0
KM+1
)
∩ f−n(a) ||≤ dn+q−(M+1)
First we suppose that 1≤ n≤M+1. Hence by the lemma 5.5 we have that
d0
KM+1
≤ d0
Kn
≤ dn
And from this we get that
|| B
(
z,
d0
KM+1
)
∩ f−n(a) ||≤|| B(z,dn)∩ f−n(a) ||= 0
Where the last equality comes from the definition of dn. So the claim holds for these integers
n.
Hence we may suppose that n > M+ 1 > q > p. Now if z ∈ H the inequality follows from the
induction hypothesis just as in the previous proof of this lemma.
This means that we must concentrate on the points z ∈ ∪kj=1B(c j,ρ). As these discs are pair-
wise disjoint the point z belongs only to one of them, and we denote that disc by B(c1,ρ). Next
we notice that
d0
KM+1
≤ d0
Kq
< ρ
and remember that by the assumptions on ρ we have that | ( f p)′(y) |≤ 1 on each disc B(c j,2ρ).
Thus the function f p maps the disc B
(
z,
d0
KM+1
)
inside the disc B
(
f p(z),
d0
KM+1
)
.
As d is the degree of f it is clear that there are at most d points that can be mapped to any given
point z. Thus we have that at most dp points in B
(
z,
d0
KM+1
)
can be mapped to any point z in
B
(
f p(z),
d0
KM+1
)
by the mapping f p. And from this we get that
|| B
(
z,
d0
KM+1
)
∩ f−n(a) ||≤ dp· || B
(
f p(z),
d0
KM+1
)
∩ f−(n−p)(a) ||
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Now from the third assumption regarding ρ we know that the point f p(z) lies in the set H, since
the distance of f p(ci) from the set CJ must be at least 4ρ and the point f p(z) lies in the disc
B( f p(ci),ρ). As we already have confirmed the claim for points in the set H we get by continuing
the previous inequalities that
|| B
(
z,
d0
KM+1
)
∩ f−n(a) ||≤ dp ·d(n−p)+q−(M+1) = dn+q−(M+1)
And therefore the lemma 5.6 holds, completing the proof for the whole theorem.
So we have proven that
dimH(J)≥ logdlogK0
holds for the Julia set of every polynomial with degree at least two. We had an example of the
Julia sets for the polynomial f (z) = z2, and as we use the above theorem we get that
dimH(J)≥ log2log2 = 1
We see that in this case the lower bound is in fact the Hausdorff dimension of J, so the bound is
sharp. This is not always the case though, in fact our approximation can be quite rough in some
situations. For example we had studied the Julia set of the polynomial f (z) = z2−2 in an example
regarding theorem 3.6. For this polynomial the Julia set is the interval [−2,2]. If we approximate
the Hausdorff dimension of the Julia set for this polynomial using the above theorem we get
dimH(J)≥ log2log4 =
1
2
But it is easy to see that the Hausdorff dimension of the interval [−2,2] is 1.
Most important consequence of this theorem is that all the Julia sets of polynomials with de-
gree at least two have a positive Hausdorff dimension, since this theorem provides a positive lower
bound. As we remember from the discussion in the end of an example 4.1 the calculation of the
Hausdorff measure and thus determining the Hausdorff dimension or even the lower bound for it
is a non-trivial problem so theorem 5.7 is quite strong result.
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6 Appendix
Definition 6.1. Euler characteristic for domains bounded with Jordan curves
We will discuss the Euler characteristics with some informality and suggest interested readers
to consult for example [K] chapters 4 and 5 for more details and formality.
Let S be a compact or a bordered surface, for our needs a sphere or a plane domain with its
boundary, and assume that the boundary consist of a finite number of simple closed curves. A
triangulation T of S is a partition of S into a finite number of mutually disjoint subsets called
vertices, edges, and faces with the following properties
1. Each vertex is a point of S
2. For each edge e there is homeomorphism φ of a closed interval [a,b] in R into S which maps
open interval (a,b) onto e, and the endpoints a and b to the vertices of T
3. For each face f there is homeomorphism φ of a closed triangle Q in C into S which maps
the edges and vertices of Q to the edges and vertices of T , and such that f is the φ-image of
the interior of Q
So T partitions S into a disjoint subsets of S. Each such subset is either a vertex, edge or a face and
we call these the simplexes of T , and they have dimension 0,1,2 respectively. We define Euler
characteristic for every simplex as χ(s) = (−1)m, where m is a dimension of a simplex. More
generally if S0 is a subset of S consisting of a union of simplex s1, ...sn we define
χ(S0) =
n
∑
i=1
χ(si) =
n
∑
i=1
(−1)mi
If triangulation contains F faces, E edges and V vertices, we have that χ(S) = F −E +V . It is
known that χ(S) is topologically invariant and does not depend on used triangulation, see theorem
5.13 in [K]. Let S1 and S2 be a subsets of a set S, each comprising a union of simplices in the set S.
Then it holds that χ(S1∪S2)+χ(S1∩S2) = χ(S1)+χ(S2), and thus χ(S) = χ(S0)+χ(∂S), where
S0 is the interior of the set S. But since the boundary of S consist of disjoint simple closed curves
there must equally many vertices and edges on the boundary. And since there can be no faces we
have that χ(∂S) = 0 and we obtain that the Euler characteristic is same for the set S and its interior.
Next by a straight calculation it can be obtained that χ(C¯) = 2, and χ(B(0,1)) = 1. Now assume
that D⊂ C¯ is the complement of the k mutually disjoint topological closed discs B1,B2, , , ,Bk such
that the boundary of each disc is a Jordan curve. So D is of connectivity k. Then we can use a
triangulation such that each of D,B1, , ,Bk is a union of simplices and obtain that
2 = χ(C¯) = χ(D)+
k
∑
i=1
χ(Bi)
Since the Euler characteristic is topologically invariant we know that χ(Bi) = 1 for every i and
hence we obtain that χ(D) = 2− k.
Next we must define Euler characteristic for an arbitrary domain D of the complex sphere.
Definition 6.2. Regular subdomains
Let D be any domain on the sphere. We say that its subdomain Ω is regular if the following
two conditions hold.
1. Ω is bounded by a finite amount of mutually disjoint Jordan curves, let us denote them by
γ1, · · ·γn, which all lie in D.
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2. The complement ofΩ consist of n topological discs B1, · · ·Bn, which are bounded by γ1, · · ·γn
respectively and each Bk meets the complement of D.
We notice that χ(Ω) is well defined for every regular subdomain of D. Next we will give few
properties of regular subdomains.
Theorem 6.1.
Let D be any proper subdomain of the complex sphere. Then the following two claims hold
1. Any compact subset of D lies in some regular subdomain of D.
2. If Ω1 and Ω2 are regular subdomains of D then there exists some regular subdomain Ω of D
such that Ω1 ⊂Ω and Ω2 ⊂Ω.
Proof of part 1: Without loss of generality we can assume that the point ∞ lies in the set D. Let
us cover the plane with a grid of closed squares of diameter
1
n
where n is a positive number. Then
let Kn be union of those squares that contain some point from the complement of the domain D,
and let Dn be that component of the complement of Kn which contains the point ∞. Next we
notice that the sets Dn form an increasing sequence of regular domains of the domain D and that
∪∞n=1Dn = D.
Then let K be any compact subset of D. We know that sets Dn form open cover for it and hence
there exists some finite subcover consisting of sets from the family {Dn}. But since sets Dn were
increasing there exists some set Dn1 which is a regular subdomain of the domain D and it holds
that K ⊂ Dn1 .
Proof of part 2: Let Ω1 and Ω2 be regular subdomains of the domain D. Then it holds that
Ω¯1∪ Ω¯2 is a compact subset of the domain D and hence the claim follows from the part one.
Next we will show that χ(Ω) is a monotonic function on the class of all regular subdomains of D,
and so tends to a limit as Ω increases to D through class of regular subdomains.
Theorem 6.2.
Let Ω1 and Ω2 be regular subdomains of the domain D. If it holds that Ω1 ⊂ Ω2 then χ(Ω2) ≤
χ(Ω1).
Proof: Let W1, · · · ,Wn be the components of the complement of Ω1 and V1, · · · ,Vm be the compo-
nents of the complement of Ω2. Then since we assumed that Ω1 ⊂Ω2 it holds that V1∪·· ·∪Vm ⊂
W1∪·· ·∪Wn. Then for each j ∈ {1,2, · · · ,n} choose a point z j ∈Wj such that z j /∈D. As z j /∈D it
lies in some Vk. then since every Vk is connected it holds that Vk ⊂Wj. Hence it follows that every
Wj contains some Vk and thus n ≤ m. But then we obtain that χ(Ω2) = 2−m ≤ 2− n = χ(Ω1),
which completes the proof.
Now we are ready to extend the definition of Euler characteristics for an arbitrary domain D of the
complex sphere.
Definition 6.3. Euler characteristics for an arbitrary domains
Let D be an arbitrary domain of the complex sphere, then we define that
χ(D) = inf{χ(Ω) : Ω is a regular subdomain of D}
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where we accept the −∞ as one possible limit.
So either there exists some sequence {Ωn} of regular subdomains of D such that χ(Ωn)→−∞, or
there is some regular subdomain Ω0 of D such that
χ(Ω0) = inf{χ(Ω) : Ω is a regular subdomain of D}>−∞
and then we define χ(D) = χ(Ω0).
Now if D is simply connected domain then ∂D is connected and every regular subdomain of D
can have only one component in its complement. Hence χ(D) = 1 for every simple connected
domain. More generally if a domain D is of k- connectivity, then in similar manner we deduce
that χ(Ω) = 2−k for every large enough regular subdomain of D. And hence χ(D) = 2−k for all
such domains D.
Definition 6.4. Radon measure
Let µ be a measure on the Borel sets of C. We say it is a Radon measure if it fulfills the fol-
lowing two conditions.
1. It is locally finite, meaning that for every point z ∈ C there exists a neighborhood U for z
such that µ(U)< ∞
2. It is inner regular, meaning that for every set V it holds that µ(V ) = supK⊂V µ(K) where K
is compact
In [H], theorem 1.28 it is proven that we can equivalently state that a Borel measure µ on Rn is a
Radon measure if and only if µ is locally finite.
As an corollary from the above theorem we obtain that every probability measure defined on the
Borel sets of C is a Radon measure.
Definition 6.5. Weak convergence
Let {µn} be a family of Radon measures. We say that {µn} converges weakly to the Radon measure
µ if
lim
n→∞
∫
φdµn =
∫
φdµ
holds for every continuous and compactly supported function φ : C→ C.
Theorem 6.3.
Let {µn} be a family of Radon measures in C for which it holds that supn∈{1,2,,,} µn(K) < ∞ for
every compact set K ⊂C. Then it holds that there exists a subsequence {µni} and a Radon measure
µ such that {µni} converges weakly to the measure µ.
Proof: We omit the proof in this paper, but it can be found for example in [H] starting on the
page 50.
For the next theorem let µ be a Borel measure on the set C. Then we denote its support by
supp(µ) and define it as follows, supp(µ) = C\∪{V : V is open and µ(V ) = 0}.
61
Theorem 6.4.
Let {µn} be a sequence of probability measures defined on the Borel sets of C such that their sup-
ports converge uniformly to the Julia set of the polynomial f when n→ ∞. This means that given
any ε> 0 we can find an integer nε such that supp(µn)⊂ Jε for every n> nε. Additionally assume
that the following inequality holds, µn(B(z,r))≤ crt for all n, 0 < r < rz, z ∈ J and some constant
c. Then we have some subsequence {µni} that converges weakly to the probability measure µ on
the Julia set and the above inequality is inherited by µ.
Proof: Since every measure in the sequence {µn} is a probability measure the condition of the
theorem 6.3 clearly holds. Thus we obtain that there exists some µ such that some subsequence of
{µn} converges to it. Additionally we notice that the support of µ must be contained in the Julia
set since the supports of µn converges uniformly to J. Now we have to check that the condition
µ(B(z,r))≤ crt is inherited by µ.
Since probability measures on the complex plane are Radon measures we can use the following
result. For a sequence {µn} of radon measures that converge weakly towards the radon measure µ
it holds that liminfn→∞ µn(U)≥ µ(U) whenU is an arbitrary open set in the complex plane. Proof
for this claim can be found for example in [H] on the page 50.
Using the above result we have that µ(B(z,r))≤ liminfi→∞ µni(B(z,r))≤ crt for every sufficiently
small but positive r and z ∈ J. Hence we see that the condition is inherited by the measure µ and
the claim holds.
Definition 6.6. Semialgebra
Let X be a set. Then the class S⊂ P (X) is a semialgebra if the following conditions hold.
1. /0 ∈ S
2. A,B ∈ S⇒ A∩B ∈ S
3. A ∈ S⇒ X \A= ∪ni=1Ai where every set Ai ∈ S and sets Ai are disjoint.
Next we will show that the class I ∪ /0 on which we have defined the non-negative function µ in
the proposition 4.12 is a semialgebra. The condition 1 is trivial so let us check conditions 2 and
3.
To obtain condition 2 choose an arbitrary sets A,B ∈ I∪ /0. We know from the definition of the set
I that either A∩B= /0 or the sets A and B are nested. Thus the condition 2 holds.
To show condition 3 choose an arbitrary set A ∈ I ∪ /0. If A = /0 the claim is trivial so we can
assume that A 6= /0. Hence the set A is of form Ii1,...,in where n is some natural number and every
ih ∈ {1,2, ...,m}. Then choose all sequences j1, ..., jn, where jh ∈ {1,2, ...,m}, such that jk 6= ik for
some k ∈ {1,2, ...,n}. Next we choose all sets I j1,..., jn corresponding these sequences and notice
that each I j1,..., jn ∈ I, they are disjoint and (I ∪ /0) \A = ∪I j1,..., jn ∪ /0. This shows that I ∪ /0 is a
semialgebra.
Definition 6.7. Algebra
Let X be a set. Then the class A ⊂ P (X) is an algebra if the following conditions hold.
1. /0 ∈ A
2. A,B ∈ A ⇒ A∩B ∈ A
3. A ∈ A ⇒ X \A ∈ A
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Theorem 6.5.
Let S be a semialgebra, then
S¯= {∪ni=1Ai : Ai ∈ S,n ∈ N where sets Ai are disjoint}
is an algebra.
Proof: Proof can be found for example in [H] lemma 1.39.
Definition 6.8. Measure on algebra
We say that ν is a measure on algebra A if ν : A → [0,+∞] is σ-additive and ν( /0) = 0
Theorem 6.6. Caratheodory extension theorem
Let S¯ be algebra and ν a measure on it. Then there exists a measure ν¯ : σ(S¯)→ [0,+∞] such
that ν¯(A) = ν(A) for every A ∈ S¯. Additionally if ν(S¯)< ∞ the measure ν¯ is unique.
Proof: Proof can be found for example in [H] theorem 1.44.
Next we will show that the non-negative function µ defined on the set I ∪ /0 can be extended to
the whole σ(I), where σ(I) is the smallest σ-algebra that contains the set I. We have already
noticed that I ∪ /0 is a semialgebra and hence we know that it can be extended to algebra I¯ by
taking all finite unions of disjoint sets belonging to I ∪ /0. And since the function µ is clearly
finitely additive it can be extended to the non-negative function µ∗ on the algebra I¯. Now all
that we need is to show that µ∗ is σ - additive on the I¯ and use the Caratheodory extension
theorem to obtain the result. The proof for the fact that µ∗ is σ-additive is a bit technical so
we will not give it here, but the proof can be found for example in [W] starting on the page
214.
In the following we use a notation from the proposition 4.12.
We will try to produce a mass distribution µ¯ on the set U from the measure µ∗ defined on σ(I).
For this we define that µ¯(A) = µ{(i1, i2, ...) : xi1,i2,... ∈ A} for any Borel set A, where xi1,i2,... =∩∞k=1Ui1,...,ik and we will show that every Borel set is indeed measurable with this definition. We
first notice that clearly µ¯ is indeed a measure, since for any sets U∗i1,...,ik and U
∗
i1,...,i(k+m) either
U∗i1,...,i(k+m) ⊂U∗i1,...,ik or the intersection of these two sets has Hausdorff s-measure zero for every
integer m≥ 0 and every choice of the set U∗i1,...,i(k+m) due to the assumption that U fulfills the open
set condition. Additionally it holds that µ¯(U) = µ(I) = 1, and similarly any set Ui1,...,ik is trivially
µ¯-measurable and µ¯(Ui1,...,ik) = µ(Ii1,...,ik) = (ci1 · · ·cik)s. Next we will aim to show that any Borel
set A is measurable.
First we notice that the diameter of an arbitrary set Ui1,...,ik converges uniformly to 0 as k→ ∞
and that U = ∪JkUi1...ik where Jk denotes the set of all k-term sequences with 1≤ i j ≤ m. To show
that every Borel set is µ¯-measurable it is enough to show that every open set V is µ¯-measurable.
We remind our selfs that given two sets U∗i1,...,ik and U
∗
i1,...,i(k+m) either U
∗
i1,...,i(k+m) ⊂U∗i1,...,ik or the
intersection of these two sets has Hausdorff s-measure zero for every integer m ≥ 0 and every
choice of the set U∗i1,...,i(k+m) .
Then we show that V = ∪∞k=0U ′i1,...,ik where every set U ′i1,...,ik must fulfill the following two condi-
tions.
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1. U ′i1,...,ik ⊂V
2. H s(U ′i1,...,ik ∩U ′i1,...,id ) = 0 where d ≤ k and U ′i1,...,id has been chosen to the union
This follows since for an arbitrary point x ∈V ∩U it holds that there exist such a disc B(x,r) that
B(x,r)∩U ⊂V as V is open. Then since the diameter of every set Ui1,...,ik converges uniformly to
zero and additionally U = ∪JkUi1...ik for every integer k there exists some integer k∗ and some se-
quence i1, ..., i∗k such that x ∈Ui1,...,i∗k ⊂ B(x,r). Hence Ui1,...,i∗k ⊂V for this sequence i1, ..., i∗k ∈ Jk∗ ,
and thus the set Ui1,...,i∗k or some set that contains the set Ui1,...,i∗k belongs to the union ∪∞k=0U ′i1,...,ik .
Since the point x ∈V was arbitrary this gives the claim.
Let us denote the family of those sets that belong to the union ∪∞k=0U ′i1,...,ik by L. Then we obtain
that
µ¯(V ) = µ¯(∪∞k=0U ′i1,...,ik) =
∞
∑
k=0
µ(∪UJk∈LUi1,...,ik)
where every set Ui1,...,ik is µ¯-measurable and last equality holds since every intersection of the
different sets in the family L has measure zero. Thus every open set V is µ¯-measurable.
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